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 Quote of the day:  “I have never let my schooling interfere with my education.”
-- Mark Twain



2

Before we get started…

 Last time (before the exam)
 Calculus of variations: for a function of , 
 Virtual displacements and virtual work (esoteric but important topic)

 Today
 Start working towards deriving the equations of motion of a rigid body
 Today’s lecture is not straightforward

 Project 1 – Due date: Nov 11 at 11:59 PM
 Requires you to use simEngine2D in conjunction with excavator example discussed in class
 Not trivial, requires some thinking
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The Hammer We’ll Use:
The D’Alembert’s Principle

 D’Alembert’s Principle
 For a collection of particles experiencing accelerated motion you can still fall 

back on the Principle of Virtual Work when you also include in the set of 
forces acting on each particle its inertia force:

 NOTES: 
 We are talking above about a collection of particles 1,2, … ,

 In our derivation we’ll start off regarding each rigid body as a collection of particles 
that are rigidly connected to each other and that together make up the body

 The sum above will turn into an integral 

 The ability to compute the virtual work of various forces is crucial
 We’ll spend some time today understanding how various forces and torques are 

leading to virtual work
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Virtual Work and Virtual Displacement 
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Small changes in q will lead to 
small changes in location of P…
 In ME451 we are interested in changes in kinematic quantities (locations 

of a point P, of the orientation matrix A, etc.) due to variations in the 
location and orientation of a body; i.e., in , , and 

 Variation in location of the LRF:

 Variation in orientation of the LRF:

 As far as the change of orientation matrix is concerned, using the 
result stated a couple of slides ago, we have that a variation in the 
orientation leads to the following variation in 	: 
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Virtual Displacement of a Point 
Attached to a Rigid Body [tied to previous slide]
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Deriving the EOM



8

Some Clarifications

 Assumptions:
 All bodies that we work with are rigid (this is consequential)

 The bodies undergo planar motion

 We will use a full set of Cartesian coordinates to position and orient a body 
in the 2D space

 Start from scratch, that is, from the dynamics of a particle/point mass
 First, we’ll work our way up to determining the EOM for one body
 Then, we’ll learn how to deal with a collection of bodies that are interacting through 

kinematic joints and/or friction & contact
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Newton’s Laws of Motion

 1st Law
Every point mass perseveres in its state of being at rest or of moving uniformly 
straight forward, except insofar as it is compelled to change its state by forces 
impressed.

 2nd Law
A change in motion is proportional to the motive force impressed and takes place 
along the straight line in which that force is impressed.

 3rd Law
To any action there is always an opposite and equal reaction; in other words, the 
actions of two point masses upon each other are always equal and always 
opposite in direction.

 Newton’s laws
 are applied to particles (idealized single point masses)
 only hold in inertial frames
 are valid only for non-relativistic speeds

Sir Isaac Newton
(1642 – 1727)
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Types of Forces & Torques
Acting on a Body 

 Type 1: Distributed over the volume of a body
 Examples:

 Inertia forces
 Internal interaction forces
 Etc.

 Type 2: Concentrated at a point
 Examples:

 Action (or applied, or external) forces and torques 
 Reaction (or constraint) forces and torques
 Etc.
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Virtual Work: Dealing with Inertia Forces



12

Virtual Work: Dealing with Mass-Distributed 
Forces
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Virtual Work: Dealing with Internal Interaction 
Forces

13
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Dealing with Active Forces 
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Dealing with Active Torques
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Virtual Work: Dealing with Constraint 
Reaction Forces
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Virtual Work: Dealing with Constraint 
Reaction Torques
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Deriving Newton’s Equations for a 
body with planar motion

 NOTE: 

 You should be able to derive Newton’s equations for a planar 
rigid body on your own (closed books)

 Overall, the book does a very good job in explaining the  
derivation the equations of motion (EOM) for a rigid body

 The material is straight out of the book (page 200)
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EOM: First Pass

 For now, assume that there are no concentrated forces

 Do this for *one* body for now

 We are going to deal with the distributed forces and use 
them in the context of d’Alembert’s Principle 
 Inertia forces
 Internal forces
 Other distributed forces (gravity)
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[Side Trip]
An Orthogonality Theorem
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Newton’s EOM for a Differential Mass dm(P)
[where the rubber hits the road]

 Apply Newton’s 2nd law to the differential mass located at point P:

 This represents a valid way of characterizing the motion of a body: 
describe the motion of every single particle that makes up that body

 However
 Differential equation above involves the internal forces acting within the body 

 These are difficult to completely describe

 Their number is enormous

 Idea: simplify these equations taking advantage of the rigid body assumption
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Variational EOM for a Rigid Body 
Part 1/2
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The Rigid Body Model: Why we like it 
[Short Detour, 1/2]
 In the rigid body model, the distance between any pair of points in/on the 

body is constant:

 The internal forces

, on due to the differential mass 
, on due to the differential mass 

satisfy the following conditions:
 They act along the line connecting

points and 
 They are equal in magnitude, 

opposite in direction, and 
collinear
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The Rigid Body Model: Why we like it 
[Short Detour, 2/2]

 The distance between any two points and on a rigid body is constant 
in time:

and therefore

 The internal force , acts along the line between and 
and therefore is also orthogonal to :
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Variational EOM for a Rigid Body 
Part 2/2
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[Side Trip]
D’Alembert’s Principle

Jean-Baptiste d’Alembert
(1717– 1783)


