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Quotes of the Day

“The methods which I set forth do not require either constructions or geometrical or mechanical reasoning: 
but only algebraic operations, subject to a regular and uniform rule of procedure.”

– Joseph-Louis Lagrange
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This flexible multibody thing 
went bananas

3http://innovationintelligence.com/the-banana-
story/?utm_campaign=2016%2F2017%20Altairians&utm_content=41442535&utm_medium=social&utm_source=linkedin



Before we get started…

 On Friday, we learned:
 Reviewed the equations of the FFR
 Went over the derivation of the velocity of a point P in FFR and the generalized 

counterpart of a concentrated load
 Went over 2 examples: Simple application of FFR to one element; inertia shape 

integrals
 Introduced the intermediate coordinate system
 Talked about connectivity conditions

 This lecture…
 We will review the intermediate coordinate system and the connectivity 

conditions
 We will try to put the entire FFR method in perspective
 Introduce large deformation problem
 Geometrically exact beam theory
 Total Lagrangian, isoparametric finite elements
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Intermediate Coordinate System
[Review]
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Intermediate Coordinate System
[Review]
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Intermediate Coordinate System
[Review]
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Connectivity conditions
[Review]
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New shape functions?



Reference conditions (Rev.)
[Review]

9Similar to example in handout: 
constraint nodal def.



Kinematics of FE/FFR
[In the context of the intermediate frame of reference]
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Generalized elastic force
[In the context of the intermediate frame of reference]
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Only space dependency

Constant elastic coefficients



FFR – Summary
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Intermediate
Coordinate
System

Attachment conditions must be consistent with modes and/or FE model

FFR – Big Picture 
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Structural system 
that rotates and 

translates

FFR, of no 
use

Large deformation Small deformation

FFR

Known modes of 
deformation

Unknown modes 
of deformation

We can get 
our                

FE/FFR

Make sure 
modes/FE are 

referred to the FFR

Model order 
reduction 

techniques

Attachment conditions 
come in many flavors: Fixed, 

Tisserand, etc.



In terms of equations…
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Numerical integration 
(Revisited)



Large Deformation Kinematics Block



0. Kinematic Descriptions
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Name Definition Applicability

Total 
Lagrangian

Initial and reference configuration
are equivalent and remain fixed 
throughout the simulation

Finite but moderate strains
(we’ll call it large deformation)

Co-
rotational

Reference configuration split into 
initial and corotated. Strains are 
measured from corotated to current, 
whereas the initial configuration is 
used to measure rigid body motion

Solid and structural dynamics
with arbitrarily translation and 
rotation and small strains –
usually elastic behavior

Updated 
Lagrangian

Initial configuration remains fixed,
but reference configuration is 
updated periodically. Reference 
configuration is updated to a 
recently computed configuration

Can capture large 
displacements and massive 
strains. Handles flow-like
behavior (metal processing) 
and fracture

More details on solid configurations and their kinematics may be found in Chapter 7: REVIEW OF CONTINUUM 
MECHANICS: KINEMATICS by Carlos Felippa (Univ. of Colorado)  - available online 



1. Geometrically exact beam 
theory
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 GEBT deals ad hoc with the dynamics of beams
 It has a shell counterpart: Geometrically Exact Shell Theory (not 

discussed in this course)
 Kinematics of deformation was developed by E. Reissner; e.g.: “On 

finite deformations of space-curved beams”, Journal of Applied 
Mathematics and Physics (ZAMP), Vol. 32, 734-744

 Extension to dynamics: J.C.Simo, “A finite strain beam formulation: 
The three-dimensional dynamic problem, Part I”: Computer 
Methods in Applied Mechanics and Engineering, 49:55-70, 1985.

 Applications: Rotor blades, rotating machinery, and more
 Uses position vectors and orientation coordinates to describe:

 Large rotation
 Large displacements
 Usually small strains: But coupling between stretch and curvature is

considered



1. Geometrically exact beam 
theory
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 Basic kinematics of a beam: GEBT

 Beam of length L and cross section area A. Curvilinear coordinate 
1 parameterizes the length of the beam. Point B located at 

intersection between centerline and cross section



1. Geometrically exact beam 
theory
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 Orientation of <xr, yr, zr> w.r.t. <X,Y,Z>, given by A0
 The position of a material point in the reference configuration

becomes

 Rigid body motion defined by translation of cross section           
plus an orientation matrix          .   

   1 2 3 0 1 2 3, , r r       r r y z

 1u
 1A



1. Geometrically exact beam 
theory
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 Considering warping orthogonal 
to rigid body motion (xd is 
orthogonal to plane <yd, zd>)

 Warping, or deformation, 
displacement field     is 
computed from geometry and 
stiffness of cross section.   

w

 The position of point P in the deformed configuration given by

 Next steps: Strain definition, generalized coordinates,…

Global frame
Inertial to initial

Initial to current



1. Geometrically exact beam 
theory. Strain measures
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 Strains with shallow curvature given by

 Prime denotes derivative with respect to longitudinal parameter.

 is a vector containing the components of the curvature vector 
in the reference configuration. Strain measures must be 
calculated w.r.t. convected material basis <xd, yd, zd> -which is 
relevant to beam geometry
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1. Geometrically exact beam 
theory. Strain measures
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 Strains measures must always be objective (formulation 
objectivity): Rigid body motion must produce no strain. That is, 
for rigid body displacement     and rigid body rotation      ,               

.
 Principle of virtual work for strains

 The following relation may be obtained from 2D FEA

 Virtual strains may be obtained as
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1. Geometrically exact beam 
theory. Strain measures
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 Virtual strains may be obtained as

Where                             is the virtual rotation vector.
Dynamics terms of this formulations not developed in the course. 

More info on GEBT and multibody systems in general can be found 
in the book (probably available online thru UW-Madison library):
Bauchau, O., 2011, “Flexible Multibody Dynamics”, Springer
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1. Geometrically exact beam 
theory. Generalized coordinates
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 GEBT based on Lagrangian coordinates defining position and 
orientation.
 Position: All good
 Orientation: Tricky

 Rotations may be represented by vectorial (Cartesian rotation 
vector) and non-vectorial (Euler angles and Euler parameters)

 Vectorial representations are interpolated but they need special 
algorithms to avoid singularities: They deal with incremental 
rotations, scaling etc. Large body of literature. One reference is:

Bauchau, Epple, and Heo, 2008, Interpolations of finite rotations in 
flexible multibody dynamics simulations, Proc. IMechE Vol. 222 
Part K: J. Multi-body Dynamics, 353-366.



2. Isoparametric finite elements
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 Free online material: “The Isoparametric Representation”, Chapter 
16, C. Felippa

 In isoparametric finite elements, geometry and displacement fields are 
given by the same parametric representation
 Note: In FE/FFR, beam/shell finite elements are NOT isoparametric –

infinitesimal angles. Shape functions describe displacements, but not geometry.
 The basic principle of isoparametric elements is that the interpolation 

functions for the displacements are also used to represent the geometry of 
the element.

 Isoparametric formulation makes it straightforward to have non-
rectangular, curved elements



2. Isoparametric finite elements
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• Many traditional isoparametric
elements only have position 
coordinates

• Displacements are expressed in 
terms of the natural (local) 
coordinates and then 
differentiated with respect to 
global coordinates. Accordingly, 
a transformation matrix [J], 
called Jacobian, is produced.

Non Isoparametric

Isoparametric



2. Isoparametric finite elements
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