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Before we get started…

 Last time
 Wrapped up discussion on motions (Rheonomic constraints)
 Covered an example (excavator with two motions)

 Today
 Kinematic analysis at position level, velocity level, and acceleration level
 Example

 HW (assigned last time): MATLAB component + pen and paper due on Th
 Hints for two of the pen-and-paper problems:

 3.5.4 hint: model using only body 1

 3.5.6 hint : change driving constraint to be 0.4 0

 MATLAB solutions posted online
 Posting what  the grader recommends as a nice solution

 Midterm exam: pushed back one week, now on 11/04/2014
 In class, open everything (open mind, for instance)



POSITION, VELOCITY, AND 
ACCELERATION ANALYSIS

3.6

Carl Gustav Jacob Jacobi
(1804 – 1851)
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Kinematic Analysis: Steps

 Step A: Identify all physical joints and drivers present in the system

 Step B: Identify the corresponding set of constraint equations ,

 Step C: Position Analysis (performed at a given time t)
Find the Generalized Coordinates as functions of time
Needed: , and 

 Step D: Velocity Analysis (performed at a given time t)
Find the Generalized Velocities as functions of time
Needed: and , . Performed after position analysis

 Step E: Acceleration Analysis (performed at a given time t)
Find the Generalized Accelerations as functions of time
Needed: and , , . Performed after velocity analysis
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Kinematic Analysis

 The position analysis [Stage 3]:
 The most difficult of the three
 Requires the solution of a system of nonlinear equations
 What we are after is determining the location and orientation of each 

component (body) of the mechanism at any given time

 The velocity analysis [Stage 4]:
 Requires the solution of a linear system of equations
 Relatively simple
 Carried out after completing position analysis

 The acceleration analysis [Stage 5]:
 Requires the solution of a linear system of equations
 Challenge: generating the RHS of acceleration equation, , ,
 Carried out after completing velocity analysis
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Position Analysis (1)

 Framework:
 Somebody presents you with a mechanism and you select the set of 

nc generalized coordinates to position and orient each body of the 
mechanism:

 You inspect the mechanism and identify a set of nk kinematic 
constraints that must be satisfied by your coordinates:

 Next, you identify the set of nd driver constraints that move the 
mechanism:

 NOTE: You must end up with nc = nk + nd
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 We end up with this problem: given a time value t, find that set of generalized 
coordinates q that satisfy the equations:

 What’s the idea here? 
 Set time t=0, and find a solution q by solving above equations
 Then advance the time to t=0.001 and find a solution q by solving above equations
 Then advance the time to t=0.002 and find a solution q by solving above equations
 Then advance the time to t=0.003 and find a solution q by solving above equations
 …
 Stop when you reach the end of the interval in which you are interested in the position

 What you do is find the time evolution on a time grid with step size  t=0.001 (in 
this example)
 You can then plot the solution as a function of time and get the time evolution of your 

mechanism

Position Analysis (2)
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 Issues associated with the methodology described on previous slide:

 Does a solution exist?
 Example: x2+4=0 (no real number x will do here)

 Is the solution unique?   
 Example: x2-4=0x (both 2 and -2 are solutions)

 How do you actually solve these nonlinear equations?
 For instance, how do you find the solution (x=-1.2) of this nonlinear equation:

 We’ll introduce the Newton-Raphson method shortly

Position Analysis (3)



THE IMPLICIT FUNCTION 
THEOREM
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A Simple Example
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Implicit Function Theorem (IFT)
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IFT: The Circle Example
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IFT: Implications for Position Analysis

 Informally, this is what the Implicit Function Theorem says:

 Assume that, at some time tk we just found a solution q(tk) of , .
 If the constraint Jacobian is nonsingular in this configuration, that is

then, we can conclude that the solution is unique, and not only at tk, but in a small 
interval  around time tk.

 Additionally, in this small time interval, there is an explicit functional dependency of 
q on t; that is, there is a function f such that:

 Practically, this means that the mechanism is guaranteed to be well behaved 
in the time interval ∈ 	, . That is, the constraint equations are 
well defined and the mechanism assumes a unique configuration at each 
time.

 Moreover, assuming that is twice differentiable, IFT guarantees that the 
velocity and acceleration equations hold.



VELOCITY AND 
ACCELERATION ANALYSIS
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Velocity Analysis (1)

 This is simple.  What is the framework?

 You just found q at time t, that is, the location and orientation of 
each component of the mechanism at time t, and now you want 
to find the velocity of each component (body) of the mechanism

 Taking one time derivative of the constraints leads to the 
velocity equation:

 In other words, once you have you can find at time 
	by solving the linear system
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 Observations:
 Note that as long as the constraint Jacobian is nonsingular, you can 

solve this linear system and recover the velocity 

 The reason velocity analysis is easy is that, unlike for position 
analysis where you have to solve a nonlinear system, now you are 
dealing with a linear system, which is easy to solve

 Note that the velocity analysis comes after the position analysis is 
completed, and you are in a new configuration of the mechanism in 
which you are about to find out its velocity

Velocity Analysis (2)
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Acceleration Analysis (1)

 This is also fairly simple.  What is the framework?

 We just found and	 at time , that is, where the 
mechanism is and what its velocity is at that time

 We now want to know the acceleration of each component of 
the model

 Taking two time derivatives of the constraints leads to the 
acceleration equation:
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 In other words, you find the acceleration (second time 
derivative of q at time tk) as the solution of a linear system:

 Observations:
 The equation above illustrates why we have been interested in the 

expression of , the RHS of the acceleration equation:

 Note that you again want the constraint Jacobian to be 
nonsingular, since then you can solve the acceleration linear 
system and obtained the acceleration .

Acceleration Analysis (2)
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SUMMARY OF CHAPTER 3

 We looked at the KINEMATICS of a mechanism
 That is, we are interested in how this mechanism moves in response to 

a set of kinematic drivers (motions) applied to it 

 Kinematic Analysis Steps:
 Stage 1: Identify all physical joints and drivers present in the system
 Stage 2: Identify the corresponding constraint equations ,
 Stage 3: Position Analysis – Find as functions of time
 Stage 4: Velocity Analysis – Find as functions of time
 Stage 5: Acceleration Analysis – Find as functions of time
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Wrecker-Boom Example

 We are interested in the KINEMATICS of this mechanism
 That is, we are interested in how this mechanism moves in response 

to a set of *two* kinematic drivers (motions) applied to it 
 Relatively straight forward to check that this mechanism has NDOF=0

 Recall what we have to do:
 Step A: Identify *all* physical joints and drivers present in the system
 Step B: Identify the corresponding set of constraint equations ,
 Step C: Compute : needed for the Position Analysis
 Step D: Compute : needed for the Velocity Analysis
 Step E: Compute : needed for the Accelerations Analysis



NEWTON-RAPHSON METHOD 
FOR NONLINEAR EQUATIONS

4.5

Isaac Newton
(1642 – 1727)
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Solving a Nonlinear System

 The most important numerical algorithm in Kinematic Analysis 

 Relied upon heavily by any multibody simulation engine (including 
ADAMS), used almost in all analysis modes

 Kinematics
 Dynamics
 Equilibrium

 Problem: Finding the solution of (systems of) equations such as:
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Newton-Raphson Method
Real function of one real variable

 Find the solution ∗ of the equation 

 Assumption: the function is twice 
differentiable

 Example from previous slide:
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Newton-Raphson Method
Geometric Interpretation
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Newton-Raphson Method
Taylor series derivation

 Taylor series expansion at x

 Linearize, that is only keep the first two terms

 Rename ← and ← , that is 

 Impose that is a root of , that is impose 0
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Newton-Raphson Method
Approximation Error and Convergence Rate

 Newton’s idea was to reduce the difficult problem of solving a 
nonlinear equation to the much simpler problem of solving a 
linear equation.

 We linearize the nonlinear function to obtain an approximating 
linear function and calculate the root of this linear function to 
obtain an approximation to the root of the nonlinear function.

 The Taylor series derivation shows that the terms we are 
ignoring during the approximation are of .

 This can be used to prove (using Mean-Value Theorem) that the 
Newton-Raphson method has quadratic convergence.



27Newton-Raphson Method
Algorithm

 Newton-Raphson is an iterative algorithm:
 Start with initial guess 
 Compute 
 Improve solution by calculating , then , etc.

 In other words, iteratively, we get closer and 
closer to the solution.



28Newton-Raphson Method
Example (scalar nonlinear equation)

Initial guess

Iteration ′

0 2 3.58385 3.06783

1 2.00000 - 3.06783 / 3.58385 = 1.14399 2.70194 0.37753

2 1.14399 - 0.37753 / 2.70194 = 1.00426 2.54524 0.01084

3 1.00426 - 0.01084 / 2.54524 = 1.00000 2.54031 0.00001

4 1.00000 - 0.00001 / 2.54031 = 1.00000
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Systems of nonlinear equations

 Let : → , with , . Find ∗ ∈ such that ∗, 0, 
for a fixed value of 

 Algorithm becomes

given an initial guess 

 Actual implementation

 The Jacobian matrix is defined as
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Newton-Raphson Method
Example (system of nonlinear equations)

Initial guess: x = 1.00000 y = 0.00000
Iteration 1:   x = 1.61371 y = 0.61371
Iteration 2:   x = 1.51227 y = 0.43236
Iteration 3:   x = 1.50417 y = 0.40853
Iteration 4:   x = 1.50396 y = 0.40810
Iteration 5:   x = 1.50396 y = 0.40810
Iteration 6:   x = 1.50396 y = 0.40810

Final residual: -1.37668e-14
+7.99361e-15

% Use Newton method to solve the nonlinear system
%     x-exp(y)=0
%     ln(1+x)-cos(y)=0

% provide initial guess
x = 1;  y = 0;
fprintf('Initial guess: x = %.5f y = %.5f\n', x, y);

% perform a specified number of N-R iterations
nit = 6;
for it = 1:nit

residual = [ x-exp(y) ; log(1+x)-cos(y) ];
jacobian = [1  -exp(y) ; 1/(1+x)  sin(y)];
correction = jacobian\residual;
x = x - correction(1);
y = y - correction(2);
fprintf('Iteration %i:   x = %.5f y = %.5f\n', it, x, y);

end

fprintf('\nFinal residual: %+g\n', residual(1));
fprintf('               %+g\n', residual(2));
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Newton-Raphson:
Position Analysis of Mechanism
 Example based on mechanism of Problem 3.5.6, modeled with 

reduced set of generalized coordinates

 Newton-Raphson algorithm (at 0):
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% Problem 3.5.6 - perform Position Analysis at time=0.
% Numerical solution found using Newton's method.

% Get a starting point (an initial guess)
t = 0;
q = [0.2 ; 0.2 ; pi/4];
fprintf('Initial guess: q = %.5f %.5f %.5f\n', q);

% Perform a fixed number of Newton iterations
for it = 1:5

residual = [ 
q(1) - 0.6 + 0.25*sin(q(3))
q(2) - 0.25*cos(q(3))
q(1)^2 + q(2)^2 - (t/10+0.4)^2];

jacobian = [
1,      0,       0.25*cos(q(3))
0,      1,       0.25*sin(q(3))
2*q(1), 2*q(2),  0];

correction = jacobian\residual;
q = q - correction;
fprintf('Iteration %i:   q = %.5f %.5f %.5f\n', it, q);

end

A first implementation
Works but there’s a problem…

Initial guess: q = 0.20000 0.20000 0.78540
Iteration 1:   q = 0.42322 0.17678 0.78540
Iteration 2:   q = 0.38125 0.13480 1.02284
Iteration 3:   q = 0.38131 0.12156 1.06348
Iteration 4:   q = 0.38125 0.12103 1.06543
Iteration 5:   q = 0.38125 0.12103 1.06544

After 4 iterations it doesn’t make 
sense to keep iterating, the 
solution is already very good

Question: how can we ensure 
we’re not iterating more than 
needed?
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% Problem 3.5.6 - perform Position Analysis at time=0.
% Numerical solution found using Newton's method.

% Get a starting point (an initial guess)
t = 0;
q = [0.2 ; 0.2 ; pi/4];
fprintf('Initial guess: q = %.5f %.5f %.5f\n', q);

% Perform Newton iterations 
% as long as the correction is too large.
normCorrection = 1.0;
tolerance = 1.E-8;
it = 0;
while normCorrection > tolerance

it = it + 1;

residual = [ 
q(1) - 0.6 + 0.25*sin(q(3))
q(2) - 0.25*cos(q(3))
q(1^2+ q(2)^2 - (t/10+0.4)^2];

jacobian = [
1,      0,       0.25*cos(q(3))
0,      1,       0.25*sin(q(3))
2*q(1), 2*q(2),  0];

correction = jacobian\residual;
q = q - correction;
normCorrection = norm(correction);
fprintf('Iteration %i:   q = %.5f %.5f %.5f\n', it, q);
fprintf('    norm correction = %g\n', normCorrection);

end

A better implementation
There still is a potential problem…

Initial guess: q = 0.20000 0.20000 0.78540
Iteration 1:   q = 0.42322 0.17678 0.78540

norm correction = 0.224428
Iteration 2:   q = 0.38125 0.13480 1.02284

norm correction = 0.244744
Iteration 3:   q = 0.38131 0.12156 1.06348

norm correction = 0.0427423
Iteration 4:   q = 0.38125 0.12103 1.06543

norm correction = 0.00202878
Iteration 5:   q = 0.38125 0.12103 1.06544

norm correction = 3.93443e-06
Iteration 6:   q = 0.38125 0.12103 1.06544

norm correction = 1.51104e-11

Question: why do we use the 
correction as a stopping criteria 
and not the residual?

Question: what if we cannot 
meet the tolerance criteria?


