
ME751 
Advanced Computational 

Multibody Dynamics

October 3, 2016

Dan Negrut
University of Wisconsin-Madison



Quote of the Day

“Everything we hear is an opinion, not a fact. Everything we see is a perspective, not the truth.”

“You have power over your mind - not outside events. Realize this, and you will find strength.”
-- Marcus Aurelius [121 AD – 180 AD]
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Before we get started…

 Last Time:
 Discussed Virtual Displacement and Variation of a Function
 Covered the �r , �� case
 Covered the �r, �p case

 Today:
 Compute the virtual work associated with a mechanical system made up of bodies
 Work our way towards establishing the EOM that govern the dynamics of a mechanical system

 Reading Assignment: 
 Please read Sections 10.1 and 10.2 of Haug’s book: 

http://sbel.wisc.edu/Courses/ME451/BookHaugVolONE/Chapter10.pdf
 This will put help things in perspective insofar Kinematic Analysis is concerned

 Miscellaneous
 Please upload on the ME751 Forum the link to your GitHub repo
 It’ll allow me to see your progress on simEngine3D 3



Closing Comments, Virtual Displacements 
[1/2]

4



Closing Comments, Virtual Displacements 
[2/2]

5



The Concept of 
Consistent Virtual Displacements
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[Short detour: two ways of posing a virtual rotation]

The same �A

The same �A
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

Draws on pp.344, Haug’s book
(Eq. 9.3.32)
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See pp.345, Haug’s book



Deriving the EOM
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Road Map

 Introduce the forces acting on one body present in a mechanical system
 Distributed
 Concentrated

 Express the virtual work produced by each of these forces acting on one body
 Evaluate the virtual work for the entire mechanical system
 Apply principle of virtual work and obtain the EOM

 Next time:
 Eliminate the reaction forces from the expression of the virtual work
 Obtain the constrained EOM (Newton-Euler form)
 Express the reaction (constraint) forces given the Lagrange multipliers
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Types of Forces & Torques

 Distributed over the volume of a body (color red)
 Inertia forces

 Forces induced by external fields (gravity, electro-magnetic, etc.)
 We’ll call them “mass-distributed”

 “Internal interaction” forces

 Concentrated at a point (color blue)
 Reaction (or constraint) forces and torques

 Action (or applied, or external) forces and torques
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On Principles

 Principle of Virtual Work
 Applies to a collection of particles
 States that at equilibrium, the virtual work of the forces acting on the 

collection of particle is zero

 D’Alembert’s Principle
 For a collection of particles moving around you can still fall back on the 

Principle of Virtual Work when you also include in the set of forces acting 
on each particle      its inertia force

 Note: we are talking here about a collection of particles
 Consequently, we’ll have to regard each rigid body as a collection of particles 

that are rigidly connected to each other and that together make up the body
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Dealing with Inertia Forces
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Dealing with Mass-Distributed Forces
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Dealing with “Internal Interaction” Forces
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Dealing with Constraint Reaction Forces
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Dealing with Constraint Reaction Torques
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Dealing with Active Forces
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Dealing with Active Torques
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Putting Things in Perspective

 What we have accomplished so far
 Expressed the virtual work done by each of the forces acting on one body “ ”
 Decided to work with centroidal and principal LRFs

 Coming up next
 Evaluate the virtual work associated with a mechanism; i.e., several bodies 

 We’re dealing w/ a mechanical system made up of bodies

 Clean up the complicated expression of the system-level virtual work
 Express the virtual work as a function of the virtual displacements of the bodies
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The Expression of the Virtual Work
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[Short Detour]:

Virtual Translation of a Point &
Acceleration of a Point
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Virtual Work: 
Contribution of the Reaction Forces/Torques
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Virtual Work: 
Contribution of the Active Forces/Torques
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Virtual Work: 
Contribution of Internal Forces
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Virtual Work: 
Contribution of Mass-Distributed Forces
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Virtual Work: 
Contribution of Inertia Forces
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Virtual Work: 
Putting Things in Perspective
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Virtual Work: 
Putting Things in Perspective
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