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Before we get started…

 Last time
 Linear algebra review
 Change of reference frame, very important concept

 How to change the representation of a geometric vector from RF to RF

 Today
 Time derivatives
 Partial derivatives (hard, messy, and widely used in ME451)

 HW:
 Due on Th, 9/18, at 9:30 am
 Problems assigned in class and 2.4.4, 2.5.2, 2.5.7 out of Haug’s book
 Post questions on the forum
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Example 1
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Example 2



5

Example 2 - solution
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The Kinematics of a Rigid Body:
Handling both Translation and Rotation

 Focus here: locating the position of a point P in the GRF
 What is given to you: 

 What you want to get: 
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More on Body Kinematics

 Much of ME451 is based on the ability to write down the position of 
a point P in two different reference frames:

 a local reference frame (LRF), typically fixed (rigidly attached) to a body 
that is moving in space

 a global reference frame (GRF), which is the “world” reference frame 
and serves as the universal reference frame

 In the LRF, the position of point is described by ′ (sometimes, 
the notation ̅ is used)

 In the GRF, the position of point is described by the position 
vector 
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The position and orientation of a body
(that is, position and orientation of the LRF)
is completely defined by 	 	 .

The position of a point P on the body is 
specified by:
• ′ in the LRF
• in the GRF
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Example



VECTOR AND MATRIX 
DIFFERENTIATION

2.5
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Derivatives of Functions

 GOAL: Understand how to

1.Take time derivatives of vectors and matrices

2.Take partial derivatives of a function with respect to its arguments
 We will use a matrix-vector notation for expressing these partial derivs.
 Partial derivatives: rather hard and messy
 Partial derivative will be used a *lot* in this class
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Time Derivatives 
Vector-Related Operations
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Time derivatives of a matrix
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Time Derivative of a Vector
 Consider a vector whose components are functions of time:

which is represented in a fixed (stationary) Cartesian RF.

 Notation:

 Then:
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Partial Derivative
[New Topic, Moving Beyond Time Derivative]

 The derivative of a function (of a single variable) is a measure of 
how much the function changes due to a change in its argument.

 Notational convention: if the function depends on time only, people 
put a dot over the derivative instead of a prime like shown above 

 A partial derivative of a function of several variables is the function 
derivative with respect to one of its variables when all other 
variables are held fixed.
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Derivatives: Examples
 Derivative 

 Partial derivative
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Partial Derivatives, Warming Up:
Scalar Function of Two Variables

 Consider a scalar function of two variables:

 Simplify and formalize the notation – collect all variables into an array q: 
 Think about it, what if I have 100 variables – I only have 26 letters in the alphabet…

 With this, the derivative of f with respect to q is defined as:

This sign 
means

“notation”
Here’s how we define the
partial derivative of a function
that depends on two variables
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Partial Derivatives, General Case:
Vector Function of Several Variables

 You have a set of “m” functions each depending on a 
set of “n” variables:

 Collect all “m” functions into an array F and collect all 
“n” variables into an array q:

 So we can write: 
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Partial Derivatives, General Case:
Vector Function of Several Variables

 Then, in the most general case, we have

 Example 2.5.2: 
The result is an m x n matrix!
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 Collect the three coordinates 
into the array q

 Define the function r of q:

 “Terse” notation

Partial Derivatives
[Compact Notation, Simplifies Life Later On]

 Let x, y, and  be three 
coordinates 

 Define a (vector) function r of 
x, y, and  as

 “Verbose” notation
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Example



22[handout]

Example (based on Example 2.4.1)

 Find the partial derivative of the position of P with respect 
to the array of generalized coordinates q
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Partial Derivatives: 
Remember this…

 In the most general case, you start with “m” functions in “n” variables, 
and end with an (m x n) matrix of partial derivatives.  
 You start with a column vector of functions and then end up with a matrix

 Taking a partial derivative leads to a higher dimension quantity
 Scalar Function – leads to row vector
 Vector Function – leads to matrix

 In this class, taking partial derivatives can lead to one of the following:
 A row vector
 A full blown matrix

 If you see something else chances are you made a mistake…
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Chain Rule of Differentiation

 Formula for computing the derivative(s) of the composition 
of two or more functions:
 We have a function f of a variable q which is itself a function of x.
 Thus, f is a function of x (implicitly through q)
 Question: what is the derivative of f with respect to x?

 Simplest case: real-valued function of a single real variable:


