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Outline

� The Electronic Structure Computation Problem

� Overview of Kohn-Sham Solution Technique
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The Density Functional Theory (DFT) 
Approach to Electronic Structure Computation
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Kohn-Sham Approach
(Plane-Wave flavor)



Kohn-Sham equations

� Eigenfunction problem obtained as a first order optimality 
condition starting from a N-body Hamiltonian:

� The effective potential defined as

� The electron density eventually computed as



Plane-Wave Kohn-Sham

� Applied in conjunction with a 3D periodic cell
� Bloch’s theorem at cornerstone of approach

� Solution wavefunction can be partitioned

� - Wavevector associated with the reciprocal lattice

� - Wavefunction associated with specific 

� - Periodic real-space function, to be determined



Plane Wave KS (Contd.)

� Two key observations:
� k-point sampling of Brillouin zone (only a small set of k’s

are considered)
� The space component is expanded in a Fourier series, 

which is truncated:

� Kohn-Sham equation transformed into an 
eigenvalue problem:



Orbital-Free DFT (OFDFT) Methodology



General Framework

� �����)�/	��
����
��/����
��
�����)�
�$��

� 3�

����������
�2���
��������)�/	��
����
�
� �
	��"��
��2&�"��)�$	���.��2������������
� ������
	�

)&�.����$� ��
��� ����
)��� ���� ��
�2�� ��




� Goal of this work 
� It is not to advance OFDFT analytical foundation…
� Rather, leverage computational power and applied math to extend size 

of tractable problems treated ab-initio

� Radiation Damage: B. D. Wirth, G. R. Odette, J. Marian, L. Ventelou, J. A. 
Young-Vandersall, and L. A. Zepeda-Ruiz, J. Nucl. Mater. 329–333, 103 (2004). 

� Crack Propagation: C. L. Rountree, R. K. Kalia, E. Lidorikis, A. Nakano, L. Van 
Brutzel, and P. Vashrishta, Annu. Rev. Mater. Res. 32, 377 (2004).

OFDFT

� Thumbs down
� Getting right expression for 

KE remains very much a 
challenge

� Model transferability is low

� Thumbs up:
� No orbital localization

� No orthonormalization

� No Brillouin-zone sampling
� Scales like O(N)



Proposed Approach to Electronic 
Structure Computation



The Issue.  The Goal.  The Ways and Means.

� The Issue:
� Current state of the art allows hundreds to thousand of atoms

� The Goal:
� Develop OFDFT-based (real-space) method for large problems

� The Ways and Means:
� Divide and conquer approach for parallel computation

� Each subdomain mapped onto a dedicated process

� Where feasible, only use a subset of the subdomains and 
“reconstruct” the density in the excluded (passive) subdomains



Basic Framework
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� ”On the regularity of reduced models obtained by quasicontinuum-like approaches, ” M. 
Anitescu, D. Negrut, P. Zapol, A. El-Azab, Mathematical Programming, 2006.



Solution Approach

� Mesh the entire domain of investigation �

� Partition the domain � in active and passive (reconstructed) 
subdomains

� Use grid-based discretization of energy functional to express 
energy E exclusively in terms of density      
� represents value of electron density at the grid points of 

reconstruction subdomains

� Solve optimization problem 
� Adjust value of density at grid points of reconstruction subdomains 

to minimize the electronic energy functional
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Double Integral Kernel K

� Computation of K is expensive 
� Computation of K done in parallel

� Scales extremely well (parallel divide and conquer)

� Kernel K stays constant, computation done once
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Reconstruction Results



Reconstruction Error



Numerical Results: 3D Simulations

� Same Hydrogen string problem, but in 3D:
� Parallel function/gradient evaluation
� Parallel optimization solver
� Constant mesh size
� Dimension of problem: 35,672
� Example run on Jazz, using 

13 MPI processes



Numerical Results: 3D Simulations

� 13 parallel processes
� 5 active subdomains

� 13 parallel processes
� 7 active subdomains

� 13 parallel processes
� 13 active subdomains



Impact of Variable Mesh
� String of 5 Hydrogen Atoms
� 10,999 unknowns
� Run with no reconstruction (all subdomains 

active) on 5 MPI processes
� Variable mesh leads to significant increase in 

iterations across all platforms
� Results shown for IBM BG/L



� Comparison done for 3D string of 11 Hydrogen atoms

� Results obtained using 13 MPI processes, on elephant
� For variable mesh, convergence criteria had to be relaxed for 

convergence

Variable vs. Uniform Mesh Comparison



Slab of Hydrogen Atoms

� 25 H atoms
� 9 active subdomains
� Run on Jazz
� 25 MPI processes
� Uniform mesh
� 33,275 unknowns � � � � � � � � � �
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� Electronic density distribution
� All subdomains active

Slab of Hydrogen Atoms (Contd.)

� Electronic density relative error
� 9 subdomains active



Conclusions

� Model reduction idea applied to OFDFT meaningful
� Reduction in computational effort and number of iterations*

� Early simulation results obtained on parallel architectures
� Parallel function evaluation
� Parallel bound constraint optimization solver (TAO)

� BG/L useful in small number of cases, too little memory

� Most bothering aspect is that OFDFT is not the method of 
choice in DFT computation



What would be needed next?

� Better DFT: 
� How would one extend the reconstruction idea to Kohn-Sham based 

approaches?

� If sticking with OFDFT:
� LDA for exchange-correlation term
� More sophisticated kinetic energy functionals

� Can/Should we handle density dependent kernels for KE?
� Pseudo-potentials

� Change the algorithm to be able to compute the kernels on the fly
� Quite frequently ran into memory limitation issues (BG/L)

� Apply to real problems
� Monoatomic metals most credible candidate



QUESTIONS.





Real-Space Methods

� Underlying concept is that a set of basis functions 
are used to express the charge density

� This is the idea behind Finite Element in 
Engineering

� Finite differences are also used (with multigrid
techniques)

� Typically, real-space methods are used in chemistry 
applications



Plane Wave KS - Conclusions

� Key components for successful implementation
� Good pseudo-potential for eliminating contribution of core ion 

(nucleus and nonvalence electrons)
� Good FFT since the method lives both in real and Fourier spaces
� Typically scales like O(N3); O(N) approaches are available though

� Characteristics
� Thumbs up:

� Approach unbiased, treats all space the same way
� Simple to implement
� Atomic positions do not play a role in algorithm

� Thumbs down:
� Number of plane-wavefunctions determined by the greatest 

curvature of the electronic wavefunction
� Empty space has the same “cost” to cover as active regions


