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Abstract

This paper describes the SPIKE algorithm for solving large banded linear systems using a
divide-and-conquer approach. The algorithm works by first partitioning the matrix into
sub-matrices which are factored in parallel, then solving a reduced coupling problem
recursively, a then recovering the solution to the original problem. This algorithm should
be combined with re-ordering strategies to reduce the bandwidth of the matrix and to
make it diagonally ‘“heavy”, or diagonally dominant if possible. Additionally, this
algorithm can be used as a preconditioner if it is used inside of an outer Krylov iteration.
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1. Introduction

This document describes an algorithm which can be used to solve large sparse banded
linear systems in parallel. The algorithm, called SPIKE [1-3], is extremely scalable,
solving linear systems in a divide-and-conquer approach. From a high vantage point, the
method has several stages: reorder the matrix to obtain, if possible, a dense banded matrix
that is diagonally “heavy” or, better yet, diagonally dominant [4]; partition the banded
matrix into p diagonal blocks interconnected by small coupling sub-matrices;
concurrently produce the p LU factorizations of the diagonal blocks and set up the
reduced order coupling problem; and solve the reduced order coupling problem to
recover the solution of the linear system. In various implementations this approach has
been shown in preliminary numerical experiments to scale to thousands of processors,
solve systems with millions of unknowns, and outperform several other sparse solvers by
one order of magnitude or more [2, 3, 5-9].

2. SPIKE Algorithm

Let Ax=f A € R", be a nonsymmetric banded linear system. SPIKE relies on the
factorization A =D XS, where D is a block-diagonal matrix and Sis called the spike
matrix (see Figure 1). The number of diagonal blocks in D is p (in this case, p=4). Note

P
that A € R"™; x f g € R"; Zn7 = n are induced by partitioning.
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Figure 1: SPIKE factorization A=DxS.

The SPIKE factorization leads to the following set of equations.
Dg=f

Sx— g (1)

The basic SPIKE algorithm consists of the following four steps:




(81) Concurrently obtain the LU-factorization without pivoting of the diagonal
blocks A jie., A =LU,i=1..,p
(S2) Assemble the spike matrix S; i.e., concurrently compute the spikes

VeR"™ WeR"“™ i=1..,p—1 and the right hand side
g, € R",i=1,...,p. To this end, using the LU factorizations of A, solve
LU |V,g|=B.f]

LU, [Vj,Wil,gi] =[B.C, _.f], i=2..,p-1 )

LPUP [Vp—l’gz’} - [Cp—l’f])]
(83) Solve the reduced block-tridiagonal system,

Rl Ml 5\(1 g1
Nl R2 M2 X2 g2
N, . s s
: x|, |=]. 3)
K Rp73 Mp73 XP*?) gl)*?’
prS Rp72 Mpf2 prQ gp72
prZ Rpfl prl gpfl
R A w oo [x o
here R, = LM = N =] X =| 'l ="
wher i “];b I i 0 \/‘irl i 0 0 i Xi) i g[;

and V' eR"" V' e R"™ W' e R"™ W’ € R"™ are respectively the

bottom w; rows of VZ., the top v, rows of VZ., the bottom w, ., TOwS of VVZ., and
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the top v, rows of W.

(84) Recover the solution of the original linear system by concurrently computing

/ / ! b
X, =8 _V1X1

I / ! a Ib . o
x, =g, —W_ x' —Vx, i=2..p-1 4)
I ! o / a
X =9, Wpflxpf1
Then the solution of the original linear system is assembled as
Xl b
/ b X7-71
X, X prl N .
x=|.|wherex =| I,x =| " "J,andx =|x |,1=2,...,p—1.
. X P i i
! P x!
X (2
p




2.1. Recursive solution of reduced system

The system in Equation 3 can be solved directly, or via a recursive method which
eliminates pairs of equations associated with partition boundaries. Non-adjacent partition
boundaries can be eliminated simultaneously, meaning that the p-/ boundaries of a

system with p partitions can be eliminated in log, ( p) steps.

2.1.1. Elimination of a single border

Border (k) is eliminated as follows. The relevant equations from Equation 3 (associated

with borders (k — 1), (k:) , and <k + 1) ) are as follows:
(k'l)b' Wlfl X, 1+Xk T Vb ; _gk 1
(k),: W . x{ +x;+V/'x;, =g
(k),: Wk X + Xk + V1:)+1 X1 gk
(k+1),: WZXZ +XZ+1 +V:+1Xk+1 = gk+1

Equations (k?)a and (k)b above can be solved simultaneously for x; and XZ .
= (Dib )_1 (gZ - V/fg: ) - (Dib )_1 WX, + (Dib ) VaVIf)JrleH
where DY’ =1-V/W/
= (D:u )71 (g: - kagZ ) - (DZH ) VlerleH + (Dba ) W:W:—IXZ—I
where D' =1-W,V/

Now, substituting x; into equation <k + 1) and xz into equation (k: — 1)b leads to the

following:
-ty | W2+ V2 (D)WW [xix, + VY (D) Ve, =gl =V (D) (g - W)

ke, W (D) Wi+ Vi + W (D) ViV, [ =t~ Wi (D7) (e - Viel)

This process eliminated the unknowns (and the equations) associated with border (k) It

also preserved the nature of the problem,; i.e., the structure of the reduced system remains
the same. This becomes obvious if the following notation is used:



we B = we (-pe) we,

Wlf—l = Wlf—l + Vlf (Dia )_1 W;Wka—l
Ve = Vi W (D) VeV,

v B=v () Ve,

g =gl Wi (DY) (e - Vigl)
gk 1l_gk 1 Vb(Dba) (g kagk)

Then, the relevant part of the reduced system looks like
(k-1),: W, 1.Xk X+ ka+1lxk+1 g 1.
(k+1)a Wka lle 1 + Xk+1 + Vka+llxi+l gk+1.

Eliminating border (k) impacts only equations (k: + 1) and (k: — 1)b . Therefore, any two

a

non-adjacent borders can be eliminated simultaneously.

2.1.2. Generalization and recursion

The purpose of this section is to describe the notation and formulation after S border
elimination stages. Assume that at this point we want to remove border (k). Let the

adjacent borders be border (e) above and border (p) below. The following notation is
used to indicate, for example, that the border above border (k) after S elimination stages
is border (e).

= A(k|S)
=B(k|S)

Note that using this notation, the following properties hold true:
A(k|0)=k—1 B(k[0)=k+1
A(B(k|S)|S+1)=A(k|S), B(A(k|S)| S +1)=B(k|S)
A(k|S) < B(k|S)

Now, remove border (k) in elimination stage S+/. This results in the following new
terms.



W:;\SH _ W:‘S 4 V:'S (Dza\s)*l W:'SW:‘S W€a|5+1 _ W;'S (_Dzb\s)*l W:ls
—1 -1
b|S+1 b|S ba|S S alS+1 alS alS ab|S alSxrblS
VIS = v (—D)S )V VI = Ve L W (D) VY

o

gi|s+1 _ gi|s . V}f\s (Dza\s >*1 (gz‘s . W:'Sg:‘s) ;\SH _ g;|s . W;\s (Dzmg)*l (g:‘s . V:‘Sg?S)

where D! = I—- V*W and D" =1—- W/ *v"*

Now, equation (e), and equation (p) can be written as

(e)b: W:)|S+1XZ +X£+V1}))|S+lxh :gb|S+l

p p
. alS+la a alS+1,b __ _alS+1
P),: W,77x, +x  +V "x =g

Note that any non-consecutive boundaries can be eliminated simultaneously. Best
practice is to eliminate alternating boundaries during elimination stage S. The following
notation will be useful.

o Let)V’ = {z : xj,xf are variables in the reduced system after stage S } ,
o &= {z : xf,xf are eliminated from the reduced system during stage S + 1}.
o Notethat‘j—k‘>1Vj,kE£S
* Note that V' ={1,...,p — 1}
¢ Note that V**' = V* — &°
2.1.3. Details

This section describes some details and special cases of the recursive algorithm.
I.  Assume that at stage S there is no border above border (k); i.e.,

A(k | S) = @&, and let B(k | S) = p. Then, because V:'S = 0 we can see
that V'**' = 0.

II. Assume that at stage S there is no border below border (k); i.e.,
B(k | S) = &, and let A(k | S) = e. Then, because Wk‘f‘s = 0 we can see
that W' = 0.

III. Note that we need to compute factorizations for both Dzb‘s and DZ“'S.
Instead, compute only the factorization of the smaller matrix and use the

Woodbury matrix identity, (I-PQ) =I+P(I-QP) Q. To this
end, if VZ'S has a smaller or equal number of rows than W:‘S then let
Q=V" and P=W". If V' has more rows than W'* then let
Q= W,f‘s and P = VZ'S . Then, factorize I — QP so that terms like



(I — QP)i1 X are easy to compute. Then, terms like Y = (I — PQ)i1 Y

can be computed as follows.
Compute X = QY

Compute Z = (I — QP)i1 X
Compute Y =Y + PZ

2.1.4. Recovery of solution

The elimination process continues until there is only one border left. Let this final border
be border (k) , and assume that it took R elimination stages to reach this point.

Vi={n}, " =0

The corresponding equations are:
X +Va|R h — gle

bR bR
W, Xh+Xh g,

This set of equations can be solved for x; and Xb .
X’ = (DabIR) 1 (gle VhaleZlR)

X, (DhalR ) (gzm _ W,flele )

g

Now, the recovery phase starts. Revert one stage, where A(h|R—1)=c¢ and

B(h|R—1)=d.Now, x’,x and x%,x, can be computed as follows:
— al a ablR— -1 alR- —
chz :(DcczblR 1) (gCIR 1 Vc IR— ng;IR 1) (chm 1) Vc IR IV:IR IXZ
Where DZb|R71 — I _ V;th*lwflRfl
:(DﬁulR—l )’1 ( gth 1 WbIR lgaIR 1) (DﬁalR—l )’1 V:”HXZ
WheI‘e DbalRfl — I _ WblR*leRfl
— (DahIR 1) (nglR -1 VaIR lgth 1) (Dath 1) W;'R_IXZ
Whel‘e Dab|R—l — I _ Vu|R—lwb|R—l
— (DZalRfl) ( gZIR 1 leR 1gZ|R 1) (DZalR—l )‘1 WjIR—IW:IR—lxz
WheI'e D}:{alR—l — I _ Wc};lR_IVdalR_l

Consider the general case, when reverting from stage S+/ to stage S. Note that at this
point, x!,x! are known Vi€ V*"', and we wish to recover x',x" V j e £°. This is



possible because A(j | S),B(j | S) € V¥"'Vj € £°. Then the desired quantities can be
computed V j € £%:
X[]l. _ (Dz;ms )‘1 ( ngS VaIS g§|s) (Dz;ms) Wmsjls a
where D =I-V/*W*
:(Dl;als) (gbIS WbISgaIS) (D?als) VblSjIS
where D’"* =1-W*V®

ablS alSx7blS
X sy (D )V Vatis Xatss)

balS blS als a
B(j1S) (D ) W W a(is)Xajis)

3. Example

This section shows the SPIKE algorithm applied to a problem with 5 partitions (p=5) and
4 borders. The reduced system equations can be seen schematically in Figure 2.

Wi’ V' Wl Vi Wtk Va'xe”
Vlaxlh Wlhxla 'Vzaxzb thxz"' '.'_Vgaxab ng)(ga \ V4EX4b ng)(qa
F o q 5 | 2 L] M R ib ! Yy ¥ 4 z v v ¥ oo 4 5
X | ox X' | X X3 X3 Xa© |l X
a ' b a ' b a ! b a ' b
g1 H 81 82 ‘ g2 83 ‘ 83 84 . 8a
(a | (b) (@ : (b) (a | (b) (@ | (b)
1 2 3 4
) Wza\lxza 7 V:}b‘ 1X4b
VMRV E N Vaa\lxh W,
» : 4 b » 4 » : 4 b
Xza " X2 X.:],a H Xg
allt | ! bl1 alt | ! b|1
g2 ' g B4 ! 8a
(@ +  (b) (@ | (b)
2
4

2. b b|2
AR AL

v ]

X4a : X4h
gaalz E gabl 2
(@ i (b
4

Figure 2: Schematic of reduced system equations for p=5.



The computation proceeds as follows:

Elimination 1:
e The first row of Figure 2 shows the full reduced system, V' = {1, 2,3, 4}, and we

will eliminate alternating borders starting with border (1), £° = {1, 3} .
e Compute V", V', W/ W' and V" V! W' W
Elimination 2:

e The second row of Figure 2 shows the modified reduced system, with
V= {2,4} , and we again eliminate alternating borders, &' = {2}

e Compute V/? V? W™ W'

Solve single border problem:
* Now, the system has a single border left, V? = {4},52 =O

X! = (DZM )‘1 (gju _ V;uzgzu )
[ ]
X! = (Dimz )‘1 (gin — Whigen )
Recovery 2:

e Now, we can recover xj,x’; Vje E':ie., we can compute X;,Xg.

x¢ = (D;bu )‘1 (g;u _ Vzaug};u ) n (D;hll )‘1 V;”Vf”XZ
X, = (DZ“” )‘1 (ggu — Whige! ) _ (Dzau )‘1 Viix?
Recovery 1:

a b a b
1’X1’X3’X3'

e Now, we can recover xj,x’; Ve E":ie., wecan compute x
(D) (
(D) (g ~Wrgt) - (D) Vi,
xi = (D) (g5 - Vigh) (D) Wixg +(DY) Vi Vix
(D2) " (g - Wigs) - (Dh) " Vixt +(DY)” WoWgx
Overall Solution:
¢ Now, we can assemble the overall solution x = [xlT , ...,xg]T

* Recover the terms x/,...,X;



I / ! b
Xl_gl lel

L !/ a Lb

x =g —W_x' —Vx, i=2..5
I / ! _a

X, =4, W4x4

¢ Then the solution of the original linear system is assembled as

xl b
/ b xifl
X2 X1 X4 / .
x =|."| where x, = , X, = and x =|x |,1=2,...,4.

. a 5 /| i i PARRS]

Xl x5 a

Xi

x5

4. Conclusions

This document describes the SPIKE algorithm which can be used to solve large sparse
banded linear systems in parallel. The problem is partitioned into p partitions, which can
be factored in parallel by p processes. The reduced problem, based on the p-/ boundaries
between partitions, is solved with a recursive method before the solution can be
recovered.

Several aspects of this algorithm will be pursued in on-going and future work. The
algorithm will be implemented with CUDA support to accelerate some steps of the
algorithm such as LU-factorization of the diagonal blocks, for example. Next, re-ordering
strategies will be investigated to re-organize general sparse matrices into the banded
structure necessary for application of this method. These re-ordering methods should also
take advantage of parallelism where possible. Finally, this algorithm will be integrated
with an outer Krylov-type iteration. When SPIKE is used inside of an iterative method
such as GMRES, it can act as an effective preconditioner to solve problems which are not
diagonally dominant in few iterations.
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