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Abstract

A brief overview of some literature the author read as a part of an

independent study on Electronic Structure Computation is given. The

Hartree Fock Approach and Density Functional Theory are emphasized.

Only some important aspects of each are presented and results are stated

without proof. Some of the di�culties involved are discussed along with

recently proposed solutions. The treatment is qualitative. The intent is

to introduce the problem to someone who has the physics and mathe-

matics background of an advanced undergraduate but no prior experience

in Electronic Structure Computation. It should be read as an overview

before and a guide during a more in depth study. The interested reader

should see the references for further reading. Some familiarity with ba-

sic Quantum Mechanics and Linear Algebra is assumed, which can be

obtained by following the references.
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1 Introduction

1.1 Purpose

The properties of materials are of intense interest to many branches of science
and industry. Unfortunately, direct measurements of these properties is not
always feasible or reliable. However, these properties are known to be heavily
dependent upon the electronic structure of the material. If the electronic struc-
ture can somehow be obtained then, in principle, all properties of the material
can be calculated (8, p.11). In addition to static properties, dynamic simulations
can be carried out using an iterative process to update the electonic structure
and nuclear con�guration successively (8, p.317). Dynamic simulation allows us
to probe the movements of molecules on time and length scales inaccessible by
any other means.

1.2 De�nition

Electronic Structure Computation is the calculation of information about elec-
trons near nuclei from which properties of a material can be derived. Quantum
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mechanics tells us that the description of an electron as a spherical charge with
a de�nite trajectory is not always appropriate. In particular, electrons near
nuclei become delocalized and are best described by a probability distribution,
which gives the probability of �nding an electron at a certain place and time (9,
p.18). It is exactly this distribution that we refer to as the electronic structure
and from which we derive the properties of a material. In Hartree Fock Theory
the information computed is the many electron wave function.

Density Functional Theory has taken on several forms since its inception.
Very early attempts used relatively simple functionals of the electron density to
compute the total energy. Another group of methods computes wave functions
of a �ctitous noninteracting system of electrons which allows it to resolve most
of the energy contribution quickly and accurately. The remaining energy terms
are computed using the approximate functionals. Unfortunately, very often it is
this remaining energy term which contains most of the interesting information.
These methods are known as Kohn-Sham methods. Just recently there have
been attempts to revive the direct use of functionals. These methods go under
the name Orbital-Free.

The primary and most basic property that can be derived from this infor-
mation is the ground state energy, as it can be used to obtain the equilibrium
con�guration of a system.

2 Hartree Fock Approach

The Hartree Fock Approach is the starting point for many more sophisticated
approaches to Electronic Structure Computation. It has been extended and
corrected in many ways, but most of the core ideas and assumptions remain the
same and basic knowledge of these is necessary for understanding any of the
more modern approaches to Electronic Structure Computation.

2.1 Basic Procedure

Anyone who has done any work with numerical methods will recognize the basic
procedure for computing electronic structure using the Hartree Fock method.
In the broadest sense, there are four steps:

1. Fix the necessary inputs
2. Make an inital guess at the electron density
3. Perform calculations to update the electron density
4. Compare the �new� electron density to the �old� electron density
If the two electron densities di�er by more than a speci�ed tolerance, then

the �new� electron density becomes the �old� electron density and steps three
and four are repeated. In most cases, an average of the �new� and �old� electron
densities is used to improve the convergence of the solution.

This may sound simple and in a sense it is. However, there are many sub-
tleties that go into each step and understanding them all takes many years of
study. In fact, the details of how each step should be carried out so that the
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�nal electron density is obtained accurately and e�ciently is still very much
an open question. This paper covers only the basics of some well established
techniques, as well as some more recent attempts at making the process more
e�cient.

2.2 Schrodinger Equation

Considering the procedure above, it is helpful to imagine that we are dealing
with a classical system. If that was the case, step three would almost certainly
involve the use of Newton's second law, which governs the dynamics of classical
bodies. However, our system is composed of delocalized electrons interacting
with each other and with nuclei. This is not a classical situation and we must
look for the appropriate dynamic equation.

The Schrodinger Equation governs the evolution of non-relativistic quantum
mechanical systems. In particular, it governs the evolution of wave functions of
the electrons. It is a linear second order partial di�erential equation (9, p.31).
When treating materials, the sheer number of variables on which it depends
precludes the use of analytical solution techniques. Finding approximate so-
lutions to the Schrodinger Equation is the primary concern of basic Quantum
Chemistry. Approximate solutions are necessary because complete analytic so-
lutions are only available for a few simple systems, such as the hydrogen atom
(one electron orbiting a nucleus) where the interaction is su�ciently simple (9,
p.215).

It seems convenient to note here that all calculations mentioned herein are
done in the non-relativistic limit: where the speed of the electrons is much less
than the speed of light. This approximation turns out to be appropriate for
atomic species lighter than silver, but begins to fail if applied to heavier species.

2.3 Variational Principle

The Variational Principle states that any normalized wave function corresponds
to an energy, obtained by taking the expectation value of the Hamiltonian, that
is greater than or equal to the ground state energy of the system. Also, if
this energy is equal to the ground state energy, then that wave function is the
ground state wave function of the system. Equivalently, it is not possible to �nd
a normalized wave function corresponding to an energy lower than the ground
state energy. This result is physically reasonable in the sense that the ground
state is completely �relaxed� in the energetic sense (1, p.31).

It may not be immediately obvious how this would be useful. Consider a
quantum mechanical system for which you only know the Hamiltonian but not
the ground state wave function or the ground state energy. Now, you make two
guesses at the ground state wave function of the system. The guess which has
a lower expectation value for the Hamiltonian is a better guess at the ground
state wave function according to the Variational Principle. A common trick for
�nding a good estimate of the ground state energy of a system is to try a form
of the wave function that depends on one or more parameters, calculate the
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expectation value of the Hamiltonian, then minimize the resulting expression
for the energy with respect to the parameters. Inserting these parameters into
the original expression gives the best possible guess at the ground state wave
function of that particular form (1, p.37).

This method works well for systems where you already know approximately
what the wave function should look like. This is not always the case, however,
and a more general method is necessary. Guessing an arbitrary form for a wave
function is often not su�cient, as it may not be ��exible� enough to mimic
the actual ground state wave function. The situation is particularly bad if the
properties which you are trying to derive depend sensitively on the value of the
wave function at its tails. However, the wave function, like any other function,
can be expanded in terms of basis functions in a certain space. The parameters
are then the weighting coe�cients of the basis functions. If the basis is complete,
then the exact ground state wave function can be found. In practice, however,
complete basis sets are often in�nite and in�nite basis sets are impractical. To
reduce computational complexity a good basis set should have functions that
already resemble the form of the function which you are trying to expand and
contain as few functions as possible (1, p.181).

2.4 Born Oppenheimer Approximation

The �rst important simplifying assumption employed by the Hartree Fock Ap-
proach is the Born Oppenheimer Approximation. Ordinary materials are made
of atoms that are in turn made up of nuclei and electrons. Nuclei are made
of protons and neutrons which are many times more massive than electrons.
The nuclei move much more slowly than the electrons because they are so much
heavier. When computing the electronic structure of a material, the simplifying
assumption that the electrons are moving in a �eld of �xed (unmoving) nuclei is
often made. This is known as the Born Oppenheimer Approximation (1, p.43).
This simple assumption has important computational consequences. The ki-
netic energy part of Hamiltonian of the nuclei is completely neglected because
the nuclei are assumed to be �xed. The nuclei-nuclei interaction energy is sim-
ply a constant determined by the relative positions and charges of the nuclei
and need only be computed once.

2.5 Antisymmetry Principle

The fact that in a quantum mechanical system no two electrons can ever simu-
laneously be described by the same quantum numbers is an experimental obser-
vation that goes by the name of the Pauli Exclusion Principle. It is equivalent
to saying that no two electrons can simulatenously occupy the same state. The
Pauli Exclusion Principle is a speci�c case of the more general Antisymmetry
Principle (1, p.45). Its consequence in Electronic Structure Computation is that
the many electron wave function must be antisymmetric, i.e. it must change
sign upon the interchange of any two electrons' four (three spatial and one
spin) coordinates. This consequence may not be obvious, but the proof in the
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case of three dimensions is simple and available in most introductory quantum
mechanics and quantum chemistry textbooks (9, p. 314).

2.6 Hartree Fock Approximation

The Hartree Fock Approximation underlies many modern Electronic Structure
Computation techniques. In a typical system there are many (more than two)
electrons interacting. Under the Hartree Fock Approximation, when computing
the wave function of an electron in a system of N electrons, the e�ect of the
remaining N-1 electrons is replaced by an average �eld which depends only on
the coordinates of the electron whose wave function is being computed (1, p.53).

This assumption turns out to be equivalent to the molecular orbital ap-
proximation which assumes that electrons occupy orbitals. This idea should be
familiar to anyone who has taken a general chemistry course where the molec-
ular orbital approximation is often taught not as an approximation but rather
as the basic way which electrons behave. To better understand this approxima-
tion's origins, usefulness and limitations, as well as how it is used in Electronic
Structure Computation, familiarity with a few basic concepts is necessary.

2.6.1 Spatial and Spin Orbitals

It has already been stated that the Schrodinger equation describes the evolution
of a quantum mechanical system. In this case we are considering a system
of electrons interacting with �xed nuclear point charges. A solution of the
Schrodinger equation is known as a wave function. Multiplying a wave function
by its complex conjugate gives the di�erential probability distribution which
can be integrated to obtain the electron density. Let an orbital be de�ned as
the wave function of a single electron. A spatial orbital contains information
only about the values of the wave function at di�erent points in space. This
alone, however, does not completely describe an electron. We know from our
knowledge of the Pauli Exclusion Principle that a complete description of an
electron must contain information about its spin. A spatial orbital together
with a spin orientation is known as a spin orbital (1, p.46).

2.6.2 Hartree Products

Spin orbitals represent the wave function for a single electron. Multiplying a
spin orbital by its complex conjugate and integrating out the spin would give
you the probability of �nding an electron occupying that orbital at any place in
space. The probability of �nding a particular electron, however, is not of real
interest. We must look for a way to express the combined wave function of all
the electrons in the system, called the many electron wave function.

The simplest way to do this is known as a Hartree Product. It is obtained
by multiplying all of the spin orbitals together. The Hartree Product is what
is known as an independent wave function because the probability distribution
obtained from it is equal to the product of all the independent, single electron
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probabilities. This is also known as an uncorrelated wave function because it
acts as if the motion of all the electrons are not correlated. This representa-
tion deviates from reality in two important respects. Firstly, the movement
of electrons are certainly correlated because they experience a mutual coulomb
repulsion and therefore the presence of an electron decreases the probability of
�nding another electron nearby. Secondly, real electrons are indistinguishable
and obey the antisymmetry principle (1, p.47).

Because of these de�ciencies Hartree Products cannot be used as many
electron wave functions. However, they are used as a starting point for a more
satisfactory type of many electron wave function known as a Slater Determinant.

2.6.3 Slater Determinants

Hartree Products are appealing as many electron wave functions because they
are simple, but they do not satisfy the antisymmetry principle. Therefore it
is natural to seek a way to systematically �antisymmetrize� a Hartree Product.
This is accomplished in Quantum Chemistry literature by the Slater Determi-
nant.

Consider a matrix of spin orbitals. Each column is �lled with a di�erent
spin orbital and each row of spin orbitals is occupied by a di�erent electron.
We always consider the same amount of spin orbitals as there are electrons
in the system, so the matrix is necessarily square. Taking the determinant
of this matrix and multiplying by the appropriate normalization factor gives
an antisymmetric many electron wave function. The fact that it satis�es the
antisymmetry principle is easy to see by recalling a fact from linear algebra. The
determinants of two matricies which di�er only by the exchange of two columns
are equal in magnitude and opposite in sign. This is precisely what is required:
exchanging the coordinates of two electrons should cause the wave function to
change sign (1, p.49).

This type of antisymmetrization of the wave function has some important
consequences. Most noticeably, the motion of the electrons are no longer com-
pletely uncorrelated. Electrons with parallel spins exhibit exchange correlation
e�ects and a Fermi hole is said to exist around each electron. It is a �hole� in
the sense that the probability of �nding two electrons with parallel spins at the
same point in space is always zero. One must note, however, that, unlike real
electrons, two electrons with opposite spins described in this framework have
completely uncorrelated motion. Some more advanced wave function based
methods improve on Hartree Fock by addressing this very discrepancy.

2.6.4 Fock Operator

The Fock Operator is central to the Hartree-Fock method. It is analagous to
a one electron Hamiltonian. Its eigenfunctions are spin orbitals. It contains
three terms: a kinetic energy term, a potential energy interaction between the
electron and all nuclei, and an average �eld term which represents the electron's
interaction with all of the other electrons and is known as the Hartree Fock
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potential (1, p.54). The average �eld is calculated using the spin orbitals of all
the electrons. Because the Fock Operator depends on its eigenfunctions, solving
for spin orbitals is a nonlinear eigenfunction problem and must be resolved
iteratively. In this context, this procedure is known as a Self Consistent Field
(SCF) procedure. Once the average �elds of two successive iterations agree to
a speci�ed tolerance, the procedure is complete.

The Hartree Fock potential is often written as a sum over the Coulomb
and Exchange operators which are integrals over all space that represent the
Coulomb repulsion and nonclassical exchange terms arising from the antisym-
metric properties of the Slater determinant, respectively. The Coulomb is said
to be local (or diagonal) because the value of the operator on the ithorbital is
proportional to the ithorbital. In contrast, the action of the Exchange operator
on the ithorbital is proportional to a di�erent orbital, so it is said to be non-local
(or non-diagonal) (1, p.114).

2.6.5 Hartree Fock Equations

The Hartree Fock equations are a set of integro-di�erential equations that are
solved to give the best set of spin orbitals as determined by the variational
principle (1, p.111). Recall that the many electron wave function is represented
by a Slater determinant. The energy of the wave function is determined by
taking the expectation value of the Hamiltonian between the Slater determinant.
The Hamiltonian is given as a sum over all single electron hamiltonians, known
as the Fock Operators. The ground state energy and wave function are then
obtained by minimizing the energy with respect to variation in the spin orbitals.

There are several ways in which the Hartree Fock Equations can be for-
mulated. These variations correspond to di�erent degrees of complexity and
accuracy. Practically they arise from the choice of basis set used to represent
the solution of the Hartree Fock equations.

The Antisymmetry principle says that two electrons with parallel spin cannot
occupy the same point in space simultaneously. However, with electrons of
opposite spin this is not the case. A 'restricted' calculation assumes that each
pair of electrons (one spin up and the other spin down) occupy the same spatial
orbital. In reality, if the system can relax by allowing the spatial orbitals of the
spin up and spin down electrons to di�er then they will. When a calculation
allows for the spin up and spin down spatial wave functions to di�er, it is known
as an 'unrestricted' calculation.

One important special case that is often considered is when there are an
even number of electrons and these electrons all form spin up and down pairs.
This is known as a 'closed-shell' calculation. Allowing for the existence of an
unpaired electron is, not suprisingly, called an 'open-shell' calculation.

These two variations can be used in any combination (i.e. closed-shell re-
stricted, open-shell unrestricted, etc.). The di�erent combinations are useful in
di�erent situations and so the choice often depends on the application. Closed-
shell restricted calculations are often the simplest choice, but do not always
accurately capture certain phenomena, such as the breaking of chemical bonds.
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Open-shell unrestricted calculations are without a doubt the most general, but
can be unnecessarily complicated depending on the situation (1, p.131 and
p.205).

2.7 Computational Procedure

Up until this point I have made very little mention of how Electronic Structure
Computation is carried out in practice. To completely understand how the
electron density is computed using the Hartree Fock method, one would have
to know all of what has been mentioned here and more. Computer code that
is capable of performing these calculations has taken many people many years
to develop. Nevertheless, I think it is useful to outline the procedure using
the basic understanding we have built up to here so that during the course of
learning the Hartree Fock method in more rigor, one does not get lost in the
matricies and lose sight of the big picture.

2.7.1 Basis sets

A common way of representing an unknown function is as a sum of coe�cients
times known functions. A basis set in this context is exactly that set of known
functions. Solutions to the Hartree Fock equations are in practice obtained by
introducing a set of basis functions. Expressing the spatial part of the spin
orbitals in terms of basis functions changes the integro-di�erential equations
into matrix equations, which can be solved using any of the many available
methods. Accurate and e�cient numerical methods for solving matrix equations
have been developed because they apply to a large class of problems spanning
many disciplines beyond quantum mechanics.

In theory any complete set of functions could be used as a basis set. How-
ever, it is advantageous to choose functions which resemble the solutions to the
equations which you are trying to solve. If the basis functions are chosen cor-
rectly then it will only be necessary to sum a few of them to obtain an accurate
representation of the solution.

There are two types of basis functions that are commonly used when solving
the Hartree Fock equations: Slater Type and Gaussian Type.

2.7.2 Slater Type

The �rst type of basis function is known as the Slater Type. It is an exponential
function that falls o� with the �rst power of the radius. It has its origin in
the analytic solution for the wave function of an electron in the 1s orbital of
Hydrogen. As such, it is a very good �rst guess for the form of an arbitrary
electron wave function near an atom. The main disadvantage of using a Slater
Type basis is computational in nature. To understand this, however, we must
compare it with the other common type of basis function, the Gaussian Type
(1, p.153).
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2.7.3 Gaussian Type

Gaussian Type basis functions are used because, in some ways, they resemble
Slater Type functions and are much easier to perform computations on. The
Gaussian Type function is an exponential function that falls o� with the second
power of the radius. It di�ers most drastically from the Slater Type function
at the origin, where it has a zero slope rather than a �nite slope, and at large
radii where it falls o� much more quickly. In order to maintain the ease of
computation and mimic the functional form of Slater Type functions, sums over
several Gaussian functions with carefully chosen parameters are used as basis
functions. These are known as Contracted Gaussian functions.

Despite these attempts to mimic the functional form of the Slater Type
functions, larger basis sets are still necessary when Gaussian Type functions are
used. Nevertheless, the amount of analytical reduction in the calculation of of
two Gaussian functions, which is necessary when calculating electron-electron
interactions, makes them computationally favorable.

2.7.4 Procedure

Using the language we have built up so far I would like to elaborate on Section
1.2 which outlines in the roughest way possible the basic Self Consistent Field
procedure for computing electronic structure using the Hartree Fock Approach.

The �rst step in computing the electronic structure is specifying the positions
and atomic numbers of the nuclei. Remember that under the Born Oppenheimer
approximation the nuclei remain �xed throughout the computation. The num-
ber of electrons and the set of basis functions to be used must also be speci�ed.
As discussed earlier the choice of basis sets will likely depend on the system. It
is necessary to introduce the basis set in order to convert the integro-di�erential
Hartree Fock equations into matrix equations.

Next, an initial guess at the electron density must be made. Often this is
done by ignoring the e�ect of the electron-electron interactions; however, using
this method to make an initial guess does not gaurantee that the procedure will
converge onto the correct solution. There are other more complicated ways of
choosing an initial density which improve the chance of convergence. In practice
the density matrix is obtained from a matrix which contains the values of the
expansion coe�cients that multiply the basis functions.

Once a guess at the electron density is in place it is possible to calculate the
Hartree Fock potential which, as noted before, approximates electron-electron
interactions by an average �eld that depends only one electron's coordinates.
Calculating this average �eld is the most computationally intense part of the
Hartree Fock procedure because an integral must be done for each unique pair
of electrons in the system. Remember, however, that we are not explicitly com-
puting the interactions between all the electron pairs. The heart of the Hartree
Fock method is to �rst calculate the average potential and then solve the eigen-
value problem for the electron orbitals with the electron-electron interactions
implicit in the average �eld. The interactions between electrons and nuclei are
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also computed, but tend to be much less expensive because the nuclei are point
charges with no spatial extent.

All of the interactions that have been computed in the previous step are
added together to obtain the matrix representation of the Fock operator. The
Fock operator is like a single electron Hamiltonian; i.e. its eigenfunctions are the
electron wave functions. Solving this system in practice involves diagonalizing
the Fock matrix. The only constraint on this minimization process is that the
orbitals remain orthonormal. Once the spin orbitals have been computed, a
new density matrix can be computed and compared to the old density matrix.
If the two densities disagree by more than a speci�ed tolerance then the whole
procedure is repeated until the solution has converged.

Once the solution is converged, we can say a few things about our results.
First of all, we have not computed the exact many electron ground state wave
function. Instead, we have followed the variational principle to obtain the best
possible guess to the wave function that can be expressed in terms of our chosen
basis functions. This distinction is important when considering the fact that
changing the basis functions, although seemingly physically super�cial, can have
a very real e�ect on the ground state energy that is calculated (1, p.146).

3 Density Functional Theory

Density Functional Theory started as something of a hunch, based more on
simple physical intuition than any formal platform. The �rst attempts to use
the electron density as a fundamental quantity for calculating properties of a
system were made around 1927 by Thomas and Fermi. The basic idea was this:
why deal with a complicated many electron wave function when the quantity
that you are really after, the electron denisty, is much simpler? It has taken
some clever thinking to formally justify this approach and the search for accurate
functionals continues to occupy the minds of many researchers. Nevertheless,
Density Functional Theory has already found many applications and is widely
considered the method of choice for computing electronic structure in many
contexts.

3.1 Electron Correlation

As discussed earlier, the most di�cult part of computing the electronic structure
is calculating the interactions between electrons (as opposed to nuclei-electron
or nuclei-nuclei interactions). When the presence or movement of an electron
can in�uence the movement of another electron, those electrons are said to be
correlated. How the movements of electrons in�uence other electrons is called
the electron correlation.

In Hartree Fock Theory there is an error associated with using a Slater Deter-
minant and an average potential for representing electron-electron interactions.
Because the interactions between electrons are not computed explcitly, there
is no way of accounting for the instantaneous repulsion between the electrons.
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The di�erence between the exact energy and the energy calculated by Hartree
Fock theory is known as the electron correlation energy. Many methods, such
as Con�guration Interaction, have been devised to account for this di�erence in
the framework of Hartree Fock theory. Density Functional Theory, however, is
not one of them. To see how Density Functional Theory deals with the problem
of electron correlation we must �rst de�ne some relevant terms and clarify a few
points.

3.2 Electron Density as the Fundamental Quantity

3.2.1 Electron Density

The electron density is a probability distribution that gives the chance of �nding
an electron in a particular region of space. It is often described as a smearing
of electrons inside a volume which evolves in time more like a �uid or gas
than a particle in a classical mechanical system, which is con�ned to a de�nite
trajectory.

In some sense the electron density is the primary quantity of interest, even
in Hartree Fock theory. The many electron wave function is used as a means
of obtaining the electron density because the dynamics of electron waves have
been studied since the begining of Quantum Mechanics and, for the most part,
are well understood. However, from a computational perspective it seems like
a shame to compute a complex valued function of 3N variables (where N is the
number of electrons in the system) and then immediately convert it to a real
valued function of only 3 variables. It is from this simpler function that one
derives all the properties of the material being simulated.

Electron density does not, in itself, tell you anything about the way in which
electrons interact, i.e., about electron correlation. There is, however, a variation
on the idea of electron density that does relate to electron correlation, which I
introduce presently.

3.2.2 Pair Density

Imagine a system of N electrons all interacting with one another. The electron
density gives the probability of �nding a single electron in a certain region of
space. The pair density gives the probability of simulatenously �nding two
electrons in two speci�ed regions in space. You might intuit that this function
would contain information about electron correlation, and indeed it does (2,
p.20). A form of the pair density which is normalized by the electron density,
known as the conditional probability, gives the probability of �nding an electron
at a position when another electron is known to be at a di�erent position. The
conditional probability minus the uncorrelated probability gives what is called
the exchange correlation hole. Not suprisingly the conditional probability is
lower than the uncorrelated probability in most cases, which justi�es the name
exchange correlation �hole�.
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3.2.3 Fermi and Coulomb Holes

The above discussion about pair density is a somewhat roundabout way of
stating what you might already expect to be true: the presence of an electron
reduces the probability of �nding another electron in the vicinity. Roughly
speaking there are two reasons why this is true.

The �rst reason applies only to electrons with parallel spin. I have already
mentioned Pauli Exclusion in the context of Hartree Fock theory and those
ideas apply equally well here. The antisymmetric nature of the wave function
leads to a reduced probability of �nding two electrons of parallel spin close to
each other. It might not be so obvious, but this e�ect actually has a larger
in�uence on the conditional probability than the Coulomb repulsion between
electrons (2, p.25). This fact helps to explain why Hartree Fock theory can still
obtain accurate ground state energies by using an antisymmetric wave function
(in the form of a Slater Determinant) but not accounting for the instantaneous
repulsion between electrons.

Any two electrons carry the same charge and two like charges repel. This
causes a smaller but still signi�cant reduction in the probability of �nding an
electron in the vicinity of another electron.

Both of these ideas could, at least potentially, be addressed in the frame-
work of Hartree Fock theory, so why wait to talk about them now? There
is a fundamental di�erence in the way which Hartree Fock and Density Func-
tional Theory attempts to deal with these e�ects. The Hartree Fock Approach
computes an average �eld based on spin orbitals. Density Functional Theory
seeks a functional of the electron density itself. How do we know that such
a functional could even exist? Theoretical justi�cation for Density Functional
Theorists came in the form of the Hohenberg-Kohn Theorems.

3.3 Hohenberg-Kohn Theorems

I said before that Density Functional Theory started as more of a hunch than rig-
orously justi�ed approach. This might seem like an exaggeration, but the truth
is that formal justi�cation in the form of the Hohenberg-Kohn theorems came
some forty years after the earliest attempts to use Density Functional Theory
to compute electronic structure. After the theorems were published, Density
Functional Theory came to the forefront of electronic structure computation.
The statement of the theorems is remarkably simple.

3.3.1 Proof of Existence

The �rst Hohenberg-Kohn theorem says that the energy of a system is a unique
functional of the total charge density. That is to say that a given charge density
cannot produce two di�erent ground state energies (2, p.33). It is important to
note that this theorem only says that a functional which maps charge densities
onto energies exists. It does not tell you how to obtain the functional, but does
tell you that the search for such a functional might not be futile.

13



3.3.2 Variational Principle

The second Hohenberg-Kohn theorem is about which charge densities map to
the lowest (ground state) energy. It says that functional which maps charge
densities to energies yields the lowest energy if and only if the ground state
density is used (2, p.36).

With these two theorems in place, we know that a functional exists which
maps the ground state charge density to the ground state energy of a system.
This must have been good news to anyone looking to use Density Functional
Theory to compute electronic structure. Only a few years after these theorems
were published, a new approach to Density Functional Theory emerged that
would dominate the scence for years to come.

3.4 Kohn-Sham Approach

In the next few paragraphs I will explain roughly the procedure for computing
the electronic structure using the Kohn-Sham Approach. Firstly, however, I
will give you the punch line. Kohn-Sham essentially tries to compute exactly
as much of the energy associated with a given charge density as possible and
estimate the remainder with approximate functionals. It di�ers from the Hartree
Fock Approach in that the approximation is made at the begining rather than
the end. With Hartree Fock the many electron wave function is approximated
as a Slater Determinant, which we have already found to be lacking because it
does not take into account the instantaneous repulsion between the electrons.

Kohn and Sham realized that early attempts to use functionals to map charge
densities onto energies failed mostly because they were incapable of accurately
accounting for the kinetic energy contribution. In contrast, the Hartree Fock
Approach was capable of calculating the kinetic energy of the noninteracting
electrons exactly. Their idea was to use a hybrid method where orbitals are
used to compute as much of the energy contribution as accurately as possible
and use functionals to deal with the unknown exchange and correlation e�ects.

In order to do this, �rst they constructed a noninteracting reference sys-
tem that is much like the orbitals of Hartree Fock but di�ers in one important
respect. The average potential in this case is chosen such that the electron den-
sity exactly equals the ground state density of the fully interacting system (2,
p.41). It is not immediately obvious how you would obtain such a potential,
however. What is done in practice is to minimize the Kohn-Sham functional
with respect to the electron density under the contraint that the total charge
integrate to the correct number of electrons. This process leads to a self con-
sistent procedure which is very much analogous to the one in the Hartree Fock
method. From this noninteracting system the kinetic energy is calculated in the
usual way. Similarly the classical contributions of the potential energy due to
nuclei-electron and electron-electron coulomb repulsion are calculated using the
Kohn-Sham orbitals. If it were known, the remainder of the potential energy
of the system due to exchange and correlation would be calculated using the
appropriate functional. In practice only approximate functionals are available.
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3.4.1 Approximate Functionals

The part of the contribution to the energy which cannot be computed exactly us-
ing the Kohn-Sham approach includes many di�erent parts including exchange,
self-interaction and part of the kinetic energy. Finding a local functional that
captures all these accurately might seem futile. There is no way to systemat-
ically improve the results of a Density Functional Theory calculation (2, p.65)
like there is in Hartree Fock theory where you can simply expand your basis set
to obtain a more accurate ground state wavefunction (at the cost of additional
computation time).

To date the most popular way to approximate the exchange-correlation en-
ergy is by calculating it for a very simple system, the uniform electron gas. The
uniform electron gas is just what it sounds like: a uniform smear of charge den-
sity. The exchange-correlation contribution to the energy can be calculated very
accurately for this simple system. Of course real systems do not have uniform
charge density everywhere. However, if you estimate the exchange-correlation
energy at each point in a real system to be what the contribution would be
from a uniform electron gas of density equal to the density at that point in the
real system, the results are remarkably good for any system that has slowly
(spatially) varying charge densities. This is known as the Local Density Ap-
proximation (2, p.70).

The Local Density Approximation works well for systems with slowly varying
charge densities. This is the case for most metals which exist in a regular lattice
form. For molecules, however, this is not a good approximation. Molecules are
not spatially regular and can have very rapidly changing charge densities as
a result. More complicated approximations, such as the Generalized Gradient
Approximation (2, p.75), have been formulated in order to deal with these
situations. These approximations contain information about the charge density
and its spatial gradients. The existence of these approximations allowed Density
Functional Theory to be extended from material science applications to more
general chemical problems where the electron density varies rapidly. Because
there is no systematic way of improving functionals, they are often tested against
experimental data. Another way of testing functionals is to compare them to
more expensive but reliably accurate wave function based methods.

4 Recent Work on Reducing Computational In-

tensity

Although there still remains certain classes of problems that are resistant to res-
olution by either method, the Hartree Fock Approach and Density Functional
Theory have both been successful in producing accurate electronic structures
and predicting material properties. Each method has some advantages and some
disadvantages, but they both share one di�culty. Computing the electronic
structure of systems of more than just a few atoms can be very computationally
intensive. Much recent work has focused on decreasing the computational work-
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load necessary to perform accurate calculations. Here I brie�y describe just a
few.

4.1 Pseudopotentials and Plane Waves

Pseudopotentials and Plane Waves are two separate techniques that tend to
go hand in hand (3 and 4, p.1052). The basic idea is that rapid �uctuations
in the solution re�ect rapid �uctuations in the underlying potential. This is
not an issue when the problem is analytically soluble. However, as we have
seen, numerical solutions rely on a superposition of basis functions to express
the wave function. Rapidly varying solutions require many basis functions to
approximate, e�ectively increasing the amount of calculation necessary for that
portion of the space. There would be no way around this if capturing these
rapid oscillations were essential to predicting whatever material properties you
are trying to calculate. Fortunately they are not. This allows the use of pseu-
dopotentials to be used that are smoother than the actual potentials. Physically
this corresponds to letting the nucleus and a chosen set of core electrons act to-
gether as a pseudocore, with the core electrons e�ectively �shielding� the valence
electrons from some of the nuclear charge. As a result the wave functions of the
valence electrons near the ions are smoother and require less computation. In
order to maintain consistency, the wave function near the pseudocore is required
to match the wave function of the actual system at a given distance from the
nucleus.

The smoothness of the solution given by pseudopotentials lends itself to a
plane wave basis. Plane waves have the advantage of being independent of the
positions of the nuclei and being very easy to perform computations on. Also,
a complete set of plane waves is complete and any solution can be re�ned by
adding more plane waves into the basis.

4.2 Real Space Mesh

Real Space Mesh techniques are essentially a Finite Element or Finite Di�erence
formulation of the electronic structure problem (5). The solution of di�erential
equations is carried out on a mesh of points around the area of interest which
can be made more or less dense depending on the resolution that is required. For
instance, it is obvious that the charge density will be higher and more rapidly
varying near a nucleus than away from a nucleus. An appropriate mesh would
be more dense around the nucleus and more sparse in the empty space where
the values of the electron density are both low and slowly varying.

These methods were originally developed in the context of engineering prob-
lems that were too di�cult to solve analytically. Since then they have been
extended to solve many problems that rely on the numerical solution of partial
di�erential equations.
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4.3 Reconstruction

Reconstruction is a very recent attempt at reducing the computational workload
involved in computing the electronic structure by reducing the total number of
degrees of freedom in a system (6). Consider a slab of atoms with nuclei �xed
under the Born Oppenheimer Approximation and the electron density being
evaluated on a mesh like the one described above. If the arrangement of the
nuclei is periodic it is easy to predict that the electronic structure will also
have some periodicity. The Reconstruction approach attempts to leverage this
periodicity by only explicitly computing the electronic structure around a few
strategically chosen atoms in the slab and using those results to interpolate the
electronic structure everywhere else.

This idea can be extended to included both phases of a dynamic simulation.
Once the electronic structure has been computed, the forces on the nuclei can be
computed. The nuclei then move according to Newton's second law. Here again,
instead of explicitly computing the movement of every nucleus, only compute
the displacement of a few nuclei and interpolate where the other nuclei on the
slab will move. In structural engineering, this is known as the �quasicontinuum�
approach (7). This approach has shown promise in reducing the computation
time while maintaining accurate results for periodic and semiperiodic systems.
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7 Contact

If you have any comments, corrections, or questions please forward them to
npschafer@wisc.edu and I will try my best to reply as soon as possible.
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