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Abstract

Molecular Dynamics (MD) simulation is a versatile methodology that has found
many applications in material science, chemistry and biolgy. In biology, the models
employed range from mixed quantum mechanical and fully atonstic to united atom
and continuum mechanical. These systems are evolved in disgte time by solving
Newton's equations of motion at each time step. The numericamethods currently in
use limit the step size of a typical all atom simulation to 1 fentosecond. This step
size limitation means that many steps need to be taken in ordeto reach biologically
relevant time scales. At each time step, an evaluation of thdorces on each atom must be
performed resulting in heavy computational loads. We are carently investigating the
utility of implicit integration methods for use in MD. Impli cit integration methods have
been proven superior to their explicit counterparts in clasical mechanical simulation,
with which MD has many similarities. If longer time steps can be taken then this
reduces the number of force evaluations that must be performd and the corresponding
computational load.

Herein we present results that compare implicit integration techniques with the cur-
rent standard for molecular dynamics, the explicit velocity Verlet integration scheme.
Total energy conservation is used as a metric for evaluatinghe dependability of sim-
ulations in the microcanonical ensemble. In order to unders&and the nature of the
problem, several long simulations were run and analyzed by @rforming Fourier trans-
forms of the position, velocity and acceleration signals. kstly, several methods for
improving the viability of implicit integration methods ar e considered including re-
placing the Jacobian used in the Quasi-Newton method with a onstant, diagonal
mass matrix, evaluating the Jacobian infrequently and nding a better prediction of
the system con guration to improve the convergence of the Qasi-Newton method.
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1 Background

Molecular Dynamics is often used as a means of sampling canfational space for problems
in chemistry, biology and materials science. The foremost culty in doing so is handling
the high frequency modes that are known to be intimately colgd to the large scale dynam-
ics but, when handled naively, drastically limit the step sie and thereby greatly increase
the computational cost of evolving the system in time [6]. Ifbiochemical applications these
modes arise from bond stretching and bending. At least fourays of handling these fre-
guencies have been suggested: (i) short time step explicitethods, (ii) implicit methods
which undersample the high frequencies, (iii) using consiints to eliminate high frequencies
like SHAKE and RATTLE and (iv) dissipating high frequenciesusing implicit Euler and
compensating by adding random noise terms [5]. A relativelgcent review of the use of im-
plicit methods for classical molecular dynamics cited theecauses for disappointing results:
(i) intrinsic damping, (ii) large computational demands aml (iii) resonance artifacts [7] [8].
However, intrinsic damping and resonance artifacts are metd dependent and certain im-
plicit methods may exist for which these e ects are not pres¢. Indeed, some early work
indicates that symplectic implicit methods for which thereis a guarantee of good long term
energy behavior would be suitable if only the computationdbad associated with the meth-
ods could be reduced [1] [2]. In particular, the method usedrfsolving the set of nonlinear
equations used in [1] is a primitive xed point procedure. Asuch, the present work focuses
on reducing this computational load. It has already been shm that these methods can
be made to scale almost ideally when programmed in paralld][[9] [10]. Extending the
step size past the length of the shortest period present inehsystem is a necessary hurdle if
implicit methods are going to be viable in Molecular Dynami and work done in the realm
of multibody dynamics on highly oscillatory systems indid&s how this problem should be
approached [4].

2 Software

In our experiments we have employed primarily two distinct mlecular dynamics (MD) codes.

2.1 NAMD-Lite

The rst is a serial, methods development version of the popar NAMD package developed
by the Theoretical and Computational Biophysics Group (TCE5) of the University of lllinois
(UIUC), Urbana-Champaign, called NAMD-Lite. NAMD-Lite is ideal for our purposes;
being speci cally designed for methods development but @san o -shoot of a very well
established MD code, it is a exible, research grade code thanterfaces smoothly with
Visual Molecular Dynamics (VMD), another piece of softwar@ut of the TCBG at UIUC,
for purposes of visualization. NAMD-Lite was primarily deeloped by David Hardy. The
version of the code that we have been working with is 2.0.1. &hcurrent version is 2.0.3.



2.2 MATLAB/Lennard-Jones

The second MD code that we have been working with is a simpledmwritten in MATLAB.

It can be used to model argon atoms with a simple pairwise Leard-Jones (LJ) 12-6 po-
tential. Due to the simple form of the potential, both analyical and numerical di erencing
Jacobians are available, whereas only numerical di eremg is available in NAMD-Lite. It

is advantageous when testing implicit methods to have an alyéical Jacobian available.

3 Models

We ran our experiments on four di erent models.

3.1 Alanin

The rst model, hereafter referred to as alanin, is an atomi& representation of the ten
residue peptide decalanine. It has four di erent species @toms: Hydrogen, Nitrogen,
Oxygen and Carbon. This representation only explicitly inmde the Hydrogens that are
bonded to the Nitrogen atoms. There are 66 atoms total and tlgeinteract according to
the popular biomolecular force eld known as CHARMM as implmented in NAMD-Lite.
CHARMM includes both bonded and nonbonded interactions. Té relevant parameter and
coordinate les are alanin.pdb, alanin.psf and alanin.pam. Figure 1 shows alanin as seen
when visualized with VMD.



Figure 1: The alanin model



3.2 Da

Our second model, hereafter referred to as da, is an all atorepresentation the same ten
residue peptide, decalanine. In this model, all Hydrogenseaincluded explicitly. There are
104 atoms total and this model also interacts according to 6hCHARMM force eld. The
relevant parameter les are imdini.pdb, da.psf and parall27_prot_lipid.prm. Figure 2 shows
da as seen when visualized with VMD.
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Figure 2: The da model



3.3 Argon

Our third model, hereafter referred to as argon, is an all ato representation of a weakly
interacting system. The atoms interact according to the welknown Lennard-Jones (LJ)
12-6 potential. LJ is a simple, empirical pairwise potentiavhose variants are often used to
represent nonbonded interactions in biological molecules

Equation 1 gives the LJ force between atomisand j which are separated by a distance
ri.

— 48 14 1 8
Fij = 2 [(rij ) 2(rij ) ]r., (1)

In our experiments, we represented argon using= 0:3405 10 °m, m =6:634 10 ?%kg
and =119:8K k, wherek, = 1:3806503 10 ?®m?kgs 2K ! is the Boltzmann constant.
Figure 3 shows argon as seen when visualized within MATLAB.
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Figure 3: The argon model



3.4 Ubiquitin

The last model is an atomistic representation of the proteimbiquitin. Ubiquitin is present
in all eukaryotes and has a regulatory role in the cell. Thisepresentation of ubiquitin
has 76 residues and 1231 atoms. Like alanin and da, this modmsles the biomolecular
force eld known as CHARMM as implemented in NAMD-Lite. The rlevant parameter and
coordinate les are ubg.pdb, ubq.psf and paall27_prot_lipd.prm. Figure 4 shows ubiquitin
as seen when visualized with VMD.

Figure 4: The ubiquitin model



4 Methods

The purpose of these numerical experiments was to comparesthurrent standard in MD,
explicit velocity Verlet, to several implicit methods.

4.1 Velocity Verlet

Velocity Verlet is the current standard for integration in MD. It is a symplectic, explicit
method with a single force evaluation per time step. Equatio2 shows how the positions,
velocities and accelerations are updated at every time step

1
Vn+% = Vn + é tan (2)
M+ = It tVn+%
Man+s: = Fna
_ 1
Vh+1t = Vn+% + é tan+1

The notable aspects of this algorithm are that the velocitys updated in two stages and
that the position is updated using the intermediate velocit

4.2 Hilber-Hughes-Taylor

In general, implicit methods are stable for larger time stepthan their explicit counterparts.
Taking longer time steps in MD corresponds to a reduced numbef function evaluations
and therefore a more e cient algorithm.

The Hilber-Hughes-Taylor (HHT) method is an implicit methad that has been used suc-
cessfully in the eld of classical mechanical simulation. guation 3 shows how the positions,
velocities and accelerations are updated at every time step

Mansa = I+ )Fna Fn (3)

Vel = Vpt+ o t((1 )@ + Ans1)
t2
e = Tt ot — (1 2)an+2anu)

In this equation, = 12 and = (1;-)2 The parameter controls the amount
of numerical dissipation that is introduced and is boundedyo 2 [ %;O]. For =0 this
method collapses to the well known trapezoidal method. Urde otherwise noted, simulations
were run with =0 to avoid energy dissipation.

Using implicit methods requires the solution of a coupled sef nonlinear equations. One
popular approach to solving such a system numerically is thiamily of methods known as



Newton-like methods. Newton-like methods require the caltation of a Jacobian matrix.
Equation 4 gives a derivation of the Jacobian for the HHT methd.

= Mapa (1+ )Fpat Fp=0 (4)
@ QF1 @f+1
= M 1
@@ (d+ )@£+1 @@
@F+1
= M (1 2= =)
(d+) @f+1

Note that r,.; was taken from line 3 of Equation 3. In practice, for complidad functional
forms such as those found in CHARMM, numerical di erencing mmst be used to approximate
the derivatives. We have employed a central di erencing seime in our algorithm.

There are several related ways to advance the simulation givan implicit method. The
algorithm employed in our simulations is given in Algorithml.

Algorithm 1 Quasi-Newton algorithm: Hilber-Hughes-Taylor
guessa @ = &
compute J
while k a®k> do
compute ( r; )
solved a® = ( ;)
ai(k"'l) = al(k) al(k)
computeg® and q**? using Equation 3
end while

4.3 Implicit midpoint

Implicit midpoint (IM) is an implicit, symplectic method. E quation 5 shows how the posi-
tions, velocities and accelerations are updated at each tmstep.

M +r
Vnir = Vpt () (5)
Vh TV
rn+l = rn+ tnTnﬂ'

dn+1 M lI:n+1 = f(rn+)

We implemented a Quasi-Newton method to solve the non-lineaystem. The algorithm
employed is described in Algorithm 2.
In Algorithm 2, is given by

P, Tn+ s
(0 = .9 o (" A (6)



Algorithm 2 Quasi-Newton algorithm: Implicit midpoint
predict ro+; and v,.; using a forward Euler step
compute midpoint accelerationf (“72-)
while k r;®k> do

compute
solved r;(K =
ri(k+1) = ri(k) ri(k)

compute midpoint accelerationf (W%)
setv (k"D =y 1+ f (W%)
end while

and, therefore,J is given by

@ _ t* @f

= 7
@ir 4 @ir rn+r2n+1 ( )

5 Experiments

In order to compare these methods, we designed and perfornaeskries of experiments. These
experiments focus on the behavior of the total energy. In theicrocanonical ensemble, also
known as NVE for constant number of particles, volume and ergy, the total energy ideally
should be conserved at every time step. In practice, the tdtanergy is only conserved on
average.

5.1 Energy versus time

Several short simulations (1000 fs) were run for several cbimations of the di erent models,
step sizes and integration methods. The total energy is pled versus time step (Figures 5
- 40).

This data was generated by running the script \runNE_energyversustime” in the \mdx pre2.0.1"
directory. The data was saved as \NE< modelname> _< timestep> _energies< integrationmethod>"
in the \experiments" directory. The plots were generated byunning the script \plotallen-
ergyvstime.m" in the \experiments" directory.
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Total energy versus time for alanin 1.0 fs velocity Verlet
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Figure 5: Total energy versus time step: alanin, 1 fs, velagiVerlet

Total energy versus time for alanin 2.0 fs velocity Verlet
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Figure 6: Total energy versus time step: alanin, 2 fs, velagiVerlet
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Total energy versus time for alanin 1.0 fs velocity Verlet
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Figure 7: Total energy versus time step: alanin, 2 fs, velagiVerlet

Figure 8: Total energy versus time step: alanin, 1 fs, HHT
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Figure 9: Total energy versus time step: alanin, 2 fs, HHT

Figure 10: Total energy versus time step: alanin, 3 fs, HHT
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Figure 11: Total energy versus time step: alanin, 4 fs, HHT

Figure 12: Total energy versus time step: alanin, 5 fs, HHT
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Figure 13: Total energy versus time step: alanin, 6 fs, HHT

Figure 14: Total energy versus time step: alanin, 1 fs, midpa
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Figure 15: Total energy versus time step: alanin, 2 fs, midpa

Figure 16: Total energy versus time step: alanin, 3 fs, midpa
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Figure 17: Total energy versus time step: alanin, 4 fs, midpa

Figure 18: Total energy versus time step: alanin, 5 fs, midpa
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Figure 19: Total energy versus time step: alanin, 6 fs, midpa

Figure 20: Total energy versus time step: da, 1 fs, midpoint
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Figure 21: Total energy versus time step: da, 2 fs, midpoint

Figure 22: Total energy versus time step: da, 3 fs, midpoint
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Figure 23: Total energy versus time step: da, 4 fs, midpoint

Figure 24: Total energy versus time step: da, 5 fs, midpoint
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Figure 25: Total energy versus time step: da, 6 fs, midpoint

Figure 26: Total energy versus time step: da, 1 fs, velocityevlet
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Figure 27: Total energy versus time step: da, 2 fs, velocityevlet

Figure 28: Total energy versus time step: da, 1 fs, HHT
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Figure 29: Total energy versus time step: da, 2 fs, HHT

Figure 30: Total energy versus time step: da, 3 fs, HHT
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Figure 31: Total energy versus time step: da, 4 fs, HHT

Figure 32: Total energy versus time step: da, 5 fs, HHT
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Figure 33: Total energy versus time step: argon, 5 fs, velociVerlet

Figure 34: Total energy versus time step: argon, 15 fs, veitycVerlet
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Figure 35: Total energy versus time step: argon, 5 fs, HHT

Figure 36: Total energy versus time step: argon, 15 fs, HHT
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Figure 37: Total energy versus time step: argon, 25 fs, HHT

Figure 38: Total energy versus time step: argon, 35 fs, HHT
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Figure 39: Total energy versus time step: argon, 45 fs, HHT

Figure 40: Total energy versus time step: argon, 55 fs, HHT
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5.2 Parameter dependence of energy behavior

Equation 3 has a factor which can be used to control the amount of numerical dissipan
introduced. We ran several experiments to test the e ect ofarying on the total energy
as a function of time. All experiments were run in NAMD-Lite wth the alanin model.
The values of used were -0.003, -0.03 and -0.3. Figures 41-43 show the Itesof these
experiments.

This data was generated by running the script \runNE_energyvsalpha" in the \mdx-
pre_2.0.1" directory. The data was saved as \NElanin_3.0.alpha< valueofalpha " in the
\experiments" directory. The plots were generated by runmig \plotallenergyvsalpha.m" in
the \experiments" directory.
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Figure 41: Total energy versus time step: alanin, = 0:003, HHT

Figure 42: Total energy versus time step: alanin, = 0:03, HHT
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Figure 43: Total energy versus time step: alanin, = 0:3, HHT
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5.3 Energy error versus step length

We ran several experiments to compare the di erence in the exage energy error between the

integration methods mentioned in Section 4. In the NVE ensdnle (see Section 5), ideally

the total energy should be exactly conserved at each time pteThe average energy error,
E, is computed as

X0
E==- KEx Eok (8)
N =1
wheren is the number of entries in the energy array. The actual MATLA code that was
used to calculate this error is given in Algorithm 3.

Algorithm 3  Average error computation in MATLAB
function AvgErr = calculateAvgErr(E)
E = E - E(0);
E = abs(E);
totErr = trapz(E);
AvgErr = totErr/(size(E,2));

The step sizes ranged from 2 to 2° fs. All combinations of models in Section 3 (except
ubiquitin) and methods in Section 4 were run. Figures 44-5lhew the results of these
experiments.

This data was generated by running the script \runNE_energyconvergence" in the \mdx-
pre_2.0.1" directory. The data was saved as
\NE _<modelname _< exponentofstepsize _energies< integrator>" in the \experiments" di-
rectory. The plots were generated by running \plotallenergconvergence.m" in the \experi-
ments" directory.
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Figure 44. Energy error convergence: alanin, velocity Vetl

Figure 45: Energy error convergence: alanin, HHT
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Figure 46: Energy error convergence: alanin, midpoint

Figure 47: Energy error convergence: da, velocity Verlet
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Figure 48: Energy error convergence: da, HHT

Figure 49: Energy error convergence: da, midpoint
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Figure 50: Energy error convergence: argon, velocity Vetle

Figure 51: Energy error convergence: argon, HHT
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5.4 Standard deviation versus step length

The same set of experiments described in Section 5.3 was gnat by computing the standard
deviation for each trajectory (instead of the average eneygerror in Equation 8). The
corresponding plots are given in Figures 52-59.

This data was generated by running the script \runNE_energyconvergence" in the \mdx-
pre_2.0.1" directory. The data was saved as
\NE _<modelname _< exponentofstepsize _energies< integrator>" in the \experiments" di-
rectory. The plots were generated by running \plotallenergconvergence.m" in the \experi-
ments" directory.
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Figure 52: Standard deviation: alanin, velocity Verlet

Figure 53: Standard deviation: alanin, HHT
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Figure 54: Standard deviation: alanin, midpoint

Figure 55: Standard deviation: da, velocity Verlet
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Figure 56: Standard deviation: da, HHT

Figure 57: Standard deviation: da, midpoint
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Figure 58: Standard deviation: argon, velocity Verlet

Figure 59: Standard deviation: argon, HHT
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5.5 Fourier transform analysis

The applicabilty of an integration scheme depends on the nate of the problem to which
it is being applied. In dynamic systems, one common way of gaig this knowledge is to
perform a Fourier transform on the position signal. Doing sgives the power spectrum of
the frequency content. High frequencies set a limit on the tegration step size.

To gain insight into the nature of our problem, we ran two 2 nsigulations with an
integration step size 0.125 fs. The alanin model was run in NMD with the velocity Verlet
and HHT integration schemes. Throughout the simulations weacked the position, velocity
and acceleration of four atoms, one each of Carbon, Oxygenridgen and Hydrogen. Before
the Fourier transform analysis was performed, the mean of @asignal was subtracted to
remove the (dominant but irrelevant) DC component. Figure$0-99 show the original signal
and resulting Fourier transform for each atom in the simulaon.

This data was generated by running \runNE_alanin t" in the \mdx _pre2.0.1" directory.
The data was saved as \FFTalanin_verlet 0.125.txt" in the \SBELfolder/nick/FFT data"
directory. The data was analyzed and plotted by running theipt \plotallalanin t.m".
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Figure 60: Original signal, Verlet: alanin, carbon, positin

Figure 61: Original signal, HHT: alanin, carbon, position
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Figure 62: Fourier transform, Verlet: alanin, carbon, posion

Figure 63: Fourier transform, HHT: alanin, carbon, positia
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Figure 64: Original signal, Verlet: alanin, carbon, veloty

Figure 65: Original signal, HHT: alanin, carbon, velocity
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Figure 66: Fourier transform, Verlet: alanin, carbon, veloity

Figure 67: Fourier transform, HHT: alanin, carbon, velocy

a7



Figure 68: Original signal, Verlet: alanin, carbon, accalation

Figure 69: Original signal, HHT: alanin, carbon, acceleran
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Figure 70: Fourier transform, Verlet: alanin, carbon, acderation

Figure 71: Fourier transform, HHT: alanin, carbon, accelation
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Figure 72: Original signal, Verlet: alanin, oxygen, posiin

Figure 73: Original signal, HHT: alanin, oxygen, position
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Figure 74: Fourier transform, Verlet: alanin, oxygen, poson

Figure 75: Fourier transform, HHT: alanin, oxygen, positia
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Figure 76: Original signal, Verlet: alanin, oxygen, veloty

Figure 77: Original signal, HHT: alanin, oxygen, velocity
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Figure 78: Fourier transform, Verlet: alanin, oxygen, velaty

Figure 79: Fourier transform, HHT: alanin, oxygen, velocit
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Figure 80: Original signal, Verlet: alanin, oxygen, acceiation

Figure 81: Original signal, HHT: alanin, oxygen, accelerain
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Figure 82: Fourier transform, Verlet: alanin, oxygen, acdéeration

Figure 83: Fourier transform, HHT: alanin, oxygen, accelation
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Figure 84: Original signal, Verlet: alanin, nitrogen, posion

Figure 85: Original signal, HHT: alanin, nitrogen, positio
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Figure 86: Fourier transform, Verlet: alanin, nitrogen, psition

Figure 87: Fourier transform, HHT: alanin, nitrogen, positn
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Figure 88: Original signal, Verlet: alanin, nitrogen, veloity

Figure 89: Original signal, HHT: alanin, nitrogen, velocy§
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Figure 90: Fourier transform, Verlet: alanin, nitrogen, viocity

Figure 91: Fourier transform, HHT: alanin, nitrogen, veloity
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Figure 92: Original signal, Verlet: alanin, nitrogen, acderation

Figure 93: Original signal, HHT: alanin, nitrogen, accelation
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Figure 94: Fourier transform, Verlet: alanin, nitrogen, aceleration

Figure 95: Fourier transform, HHT: alanin, nitrogen, acceration
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Figure 96: Original signal, Verlet: alanin, hydrogen, poson

Figure 97: Original signal, HHT: alanin, hydrogen, positio
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Figure 98: Fourier transform, Verlet: alanin, hydrogen, psition

Figure 99: Fourier transform, HHT: alanin, hydrogen, posibn
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Figure 100: Original signal, Verlet: alanin, hydrogen, vekity

Figure 101: Original signal, HHT: alanin, hydrogen, veloty
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Figure 102: Fourier transform, Verlet: alanin, hydrogen, @locity

Figure 103: Fourier transform, HHT: alanin, hydrogen, velaty
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Figure 104: Original signal, Verlet: alanin, hydrogen, aeteration

Figure 105: Original signal, HHT: alanin, hydrogen, accalation
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Figure 106: Fourier transform, Verlet: alanin, hydrogen, eceleration

Figure 107: Fourier transform, HHT: alanin, hydrogen, acderation
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Figure 108: Original signal, Verlet: ubiquitin, carbon, psition

Figure 109: Fourier transform, Verlet: ubiquitin, carbon,position
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Figure 110: Original signal, Verlet: ubiquitin, carbon, véocity

Figure 111: Fourier transform, Verlet: ubiquitin, carbon,velocity
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Figure 112: Original signal, Verlet: ubiquitin, carbon, aceleration

Figure 113: Fourier transform, Verlet: ubiquitin, carbon,acceleration
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Figure 114: Original signal, Verlet: ubiquitin, oxygen, psition

Figure 115: Fourier transform, Verlet: ubiquitin, oxygen,position

71



Figure 116: Original signal, Verlet: ubiquitin, oxygen, viocity

Figure 117: Fourier transform, Verlet: ubiquitin, oxygen,velocity
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Figure 118: Original signal, Verlet: ubiquitin, oxygen, aceleration

Figure 119: Fourier transform, Verlet: ubiquitin, oxygen,acceleration
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Figure 120: Original signal, Verlet: ubiquitin, nitrogen,position

Figure 121: Fourier transform, Verlet: ubiquitin, nitrogen, position
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Figure 122: ORiginal signal, Verlet: ubiquitin, nitrogen,velocity

Figure 123: Fourier transform, Verlet: ubiquitin, nitrogen, velocity
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Figure 124: Original signal, Verlet: ubiquitin, nitrogen,acceleration

Figure 125: Fourier transform, Verlet: ubiquitin, nitrogen, acceleration
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Figure 126: Original signal, Verlet: ubiquitin, hydrogenposition

Figure 127: Fourier transform, Verlet: ubiquitin, hydroge, position
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Figure 128: Original signal, Verlet: ubiquitin, hydrogen,elocity

Figure 129: Fourier transform, Verlet: ubiquitin, hydroge, velocity
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Figure 130: Original signal, Verlet: ubiquitin, hydrogen,acceleration

Figure 131: Fourier transform, Verlet: ubiquitin, hydroga, acceleration
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Table 1: Full Jacobian verus constant mass matrix

Jacobian? Step Size (fs) Num. Steps Simulation Time (ps) CP{9)

No 2.6 1923 5 331.46
Yes 6.2 806 5 366.96

Table 2: Maximum step size

Model velocity Verlet HHT ( =0)

alanin 3-4 fs 6-7 fs
da 2-3fs 5-6 fs
argon 15-25 fs fs 55-65 fs

5.6 Full Jacobian versus constant mass matrix

The diagonal elements of the Jacobian derived in Equation 4readominant over the o
diagonal elements because of the constant, diagonal masstnima M (see Appendix 9.1).
We ran a simple experiment to test the e ect of replacing with M in the Newton iterations
described in Algorithm 1. UnlikeJ, M stays constant throughout the simulation and so this
replacement drastically reduces the number of function elations that must be performed
by completely eliminating the numerical di erencing used ¢ computeJ. The maximum step
size for each method was found and then a 5 ps simulation wasran the alanin model
to test the relative e ciencies. As anticipated, the resuls indicate a tradeo between a
decrease in cost per step and a decrease in maximum step streah overall small gain in
e ciency. The results are reported in Table 1.

5.7 Maximum step size

Table 2 below compares the velocity Verlet method with HHT interms of the maximum
step size that was empirically determined to be stable for ¢hvarious models described in
Section 3.

Changing in the HHT method allows the step size to be stretched, but thbehavior of
the total energy is somewhat unpredictable as reported in &@on 5.1.

5.8 \Get-and-forget" prediction

If implicit methods are to be competitive with explicit methods then the step size of these
methods must be stretched beyond those limits reported in &&n 5.7. We have observed
that HHT fails to converge in the Newton iterations. One posble solution to this problem
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Table 3: \Get-and-forget" prediction: HHT

= 1 2 3 4 5 6 7

1fs Stable Stable Stable Stable Stable Stable Stable
3fs Stable Stable Stable Stable Stable Stable Stable
5fs Stable Stable Stable Stable Stable Stable Stable
7 fs Unstable Stable Stable Stable Stable Stable Stable
9fs Unstable Stable Unstable Unstable Unstable Unstable WBiable
11 fs Unstable Unstable Unstable Unstable Unstable Unstabl Unstable
13 fs Unstable Unstable Unstable Unstable Unstable Unstabl Unstable

would be to start with a better guess for the acceleration athe begining of the Newton
iterations.

To explore the gains that might be had with such a predictor, @ ran several experiments
using the method described in Algorithm 4. The method getsstname from the fact that we
\get" a new prediction for the acceleration by advancing thesimulation with several small
steps and then \forget" the positions and velocities obtaiad by taking those steps and only
use the resulting accelerations as an initial guess for theeiton iterations of the regular
time step. It should be obvious that this is simply a diagnost tool, not a practical means
of increasing the e ciency of MD.

Algorithm 4 \Get-and-forget" algorithm
Choose to divide each step into a xed number N shorter steps
for each time stepdo
Save initial positions and velocitieSnia  and Gpitial
Take N short steps with step length' according to Algorithm 1
Save the resulting acceleration vecto,egiction
Reset positions and velocities t@niy and Gpitia
Apply Algorithm 1 with step length  t and initial guessa©® = agrediction
end for

The results of these experiments are summarized in Table 3l Axperiments were carried
out in NAMD on the alanin model.

This data was generated by running the script \runNE_getandforget” in the \mdx _pre2.0.1"
directory. The data was stored as \NEgetandforget<timestep> _energies< ministeps>" in
the \experiments/getandforget” directory.

These results indicate that taking more than two short stepsan actually hurt the
method's ability to generate a good initial guess for the Newn iterations. However, based
on the results for 9 fs, an implicit MD integrator could be aiéd by a better predicition for
the acceleration. As for why taking more than two steps can Inuthe quality of the pre-
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Table 4: \Get-and-forget" prediction: HHT mass matrix method

= 1 2 3 4 5 6 7

1fs Stable Stable Stable Stable Stable Stable Stable
3 fs Unstable Unstable Unstable Unstable Unstable UnstableUnstable
5fs Unstable Unstable Unstable Unstable Unstable UnstableUnstable
7 fs Unstable Unstable Unstable Unstable Unstable UnstableUnstable

diction, this may be related to the chaotic nature of the prolem. In the MD literature the
exponential sensitivity of a trajectory to the initial conditions is referred to as \Lyapunov
instability”. In light of this phenomenon, it is not surprising that taking many small steps
would diverge from the trajectory obtained by taking one lage step and would therefore not
provide a very good starting point for the Newton iterations

5.9 Convergence criteria

The idea underlying this experiment is that it is a waste of amputational resources to reduce
residuals to some small value when MD trajectories are knowa be unreliable (see Section
5.8). To test this, we changed the criteria for ending the Neton iterations to a xed number
of iterations. The number of iterations was set to 3 and simations were run on the alanin
model with 1, 3, 5 and 7 fs time steps.

The results (not reported) indicate that making this changedoes not signi cantly reduce
the stability of the method. The simulation was stable for 5§ and smaller steps, but not
for 7 fs. However, for the 5 fs simulation some energy dissijwen was observed. As such, we
do not recommend this method for improving e ciency when usig an implicit integrator.
Although still somewhat model-speci c, we recommend inséel changing the tolerance on
the residuals. How changing the tolerance a ects the energyonservation properties and
e ciency of a simulation is currently being investigated.

5.10 Infrequent Jacobian evaluation

This experiment was designed to test the idea that the Jacad need not be updated at every
time step. This is particularly useful because if the Jacoln can be evaluated and factored
e ciently in parallel to advancing the simulation then the cost of the implicit method is
reduced to one function evaluation per Newton iteration.

In this experiment, all simulations were run on the alanin mdel in NAMD. Simulations
were run for 1, 2, 3, 4, 5 and 6 fs time steps and 1, 10, 100, 108@ 40000 steps per Jacobian
evaluation. For each simulation, the total CPU time, the totl number of Newton iterations
and the average energy error are reported. The results for HHare summarized in Tables 5
- 8.
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Table 5: Infrequent Jacobian evaluation: Stability

Steps 1 10 100 1000 10000

1fs Stable Stable Stable Stable Stable
2 fs Stable Stable Stable Stable Stable
3fs Stable Stable Unstable Stable Unstable
4 fs Stable Unstable Unstable Unstable Unstable
5fs Stable Unstable Unstable Unstable Unstable
6 fs Stable Unstable Unstable Unstable Unstable

Table 6: Infrequent Jacobian evaluation: CPU time (s)

Steps 1 10 100 1000 10000

1fs 382472 423.203 89.0975 59.9991 62.2820
2fs 1934.82 220.877 57.4806 49.9570 58.1513
3fs 1289.98 155.822 N/A 66.9833 N/A

4fs 1010.47 N/A N/A N/A N/A

5fs 772681 N/A N/A N/A N/A

6fs 648559 N/A N/A N/A N/A

These simulations were run by executing the script \rutNE_lazy" in the \mdx _pre2.0.1"
directory. The average energy error analysis was performéyg running the script \ana-
lyze lazy.m" in the \mdx _pre2.0.1/experiments/lazy" directory.

These results indicate that the e ciency of an implicit integrator used for MD can be
signi cantly improved by evaluating the Jacobian less fregently without compromising the
quality of the results. The combination which gave the shoest CPU time was a 2 fs
time step and evaluating the Jacobian every 1000 steps. Inishcase, the majority of the
function evaluations are occuring in the Newton iterationsnot in the numerical di erencing
required to generate the Jacobian. A better predictor (seeetion 5.8) could serve to both
increase the step size possible and decrease the averagebasrof Newton iterations. We are
currently investigating better methods of predicting the gstem con guration at the start of
the Newton iterations.

Table 9 is analagous to Table 6, but for midpoint rather than HT.

5.11 Simulated Jacobian Coprocessing

Table 10 shows results of the simulated Jacobian coprocegsexperiments for various com-
binations of integrators and factorization/solution routines in the Intel MKL library.
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Table 7: Infrequent Jacobian evaluation: Total iterations

Steps 1 10 100 1000 10000

1fs 29774 29980 33003 36212 39724
2fs 15690 20952 25194 31329 37679
3fs 13484 19545 N/A 42913 N/A
4fs 12223 N/A N/A N/A N/A

5fs 12033 N/A N/A N/A N/A

6fs 13051 N/A N/A NA NA

Table 8: Infrequent Jacobian evaluation: Average energyrer

Steps 1 10 100 1000 10000

1fs 396 5310 12952 3576 9160
2fs 13811 854 1098 1375 3084
3fs 2117 714 N/A 1311 N/A
4fs 3965 N/A N/A N/A N/A

5fs 4408 N/A N/A N/A N/A

6fs 2820 N/A N/A N/A N/A
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|Lazysteps| 1 | 10 | 100 | 1000 | 10000 |
1fs 2938.75| 328.143| 72.4436| 47.0124| 50.2766
2 fs 1476.51| 171.55 | 46.8452| 40.6459| 46.0696
3fs 986.069| 121.667| N/A N/A N/A
4 fs 741.619 N/A N/A N/A N/A
5fs N/A N/A N/A N/A N/A
6 fs N/A N/A N/A N/A N/A

Table 9: CPU Time (s): Midpoint infrequent jacobian evaluaton

[ Integrator (factorization) [ #steps | step size [ lazy steps [ total time (s) [ evaluation (s) [ factorization (s) [ solution (s) [ "ideal" (s) |
[ Verlet [ 6000 | 1 [ - [ 4.343 [ - [ - [ - [ 4343 |
HHT (LU) 1000 6 1 172.116 166.908 1.271 0.374 3.562
HHT (LU) 2000 3 1 341.366 334.696 2.607 0.424 3.639
HHT (LU) 2000 3 10 40.976 34.198 0.686 0.592 6.778
HHT (LU) 2000 3 1000 14.890 0.346 0.099 1.286 13.158
HHT (CHOL) 1000 6 1 171.996 166.984 0.984 0.449 3.579
HHT (CHOL) 2000 3 1 339.610 333.433 2.095 0.457 3.625
HHT (CHOL) 2000 3 10 42.037 34.445 0.534 1.723 5.335
HHT (CHOL) 2000 3 1000 23.705 0.335 0.044 9.134 14.192
HHT (BK) 1000 6 1 171.524 165.078 1.872 1.043 3.532
HHT (BK) 2000 3 1 339.352 331.193 3.603 0.989 3.567
HHT (BK) 2000 3 10 40.020 33.140 0.365 1.406 5.109
HHT (BK) 2000 3 1000 17.081 0.330 0.006 3.700 13.047
MIDPOINT (LU) 2000 3 1 387.402 362.512 8.750 1.448 15.192
MIDPOINT (LU) 3000 2 1 520.440 502.209 4.119 1.100 13.012
MIDPOINT (LU) 3000 2 10 68.371 52.156 0.821 1.420 13.974
MIDPOINT (LU) 3000 2 1000 14.261 0.500 0.028 0.982 12.750
MIDPOINT (CHOL) 2000 3 1 378.232 358.496 6.071 1.328 12.338
MIDPOINT (CHOL) 3000 2 1 515.424 501.825 3.173 0.894 9.532
MIDPOINT (CHOL) 3000 2 10 65.402 52.309 0.523 2.086 10.484
MIDPOINT (CHOL) 3000 2 1000 23.969 0.508 0.042 7.725 15.694
MIDPOINT (BK) 2000 3 1 351.654 332.852 3.610 2.953 12.239
MIDPOINT (BK) 3000 2 1 515.202 498.468 5.391 1.912 9.431
MIDPOINT (BK) 3000 2 10 62.172 49.836 0.546 2.019 9.770
MIDPOINT (BK) 3000 2 1000 14.677 0.541 0.007 2.558 11.571

Table 10: Infrequent evaluation timing results

By looking at the results in Table 10, it was determined that IU had the most favorable
results among all the factorization/solution routines avdable in MKL. Tables 11 and 12
show the same information as Table 10 for midpoint and HHT rectively, in addition to
an average number of Newton iterations per time step. To go y@nd an average number,
the number of Newton iterations at each time step was plottednd is shown in Figures 132
- 135 and Figures 136 - 139 for midpoint and HHT, respectively

[ Integrator [ #steps [ step size [ lazy steps [ total time (s) [ evaluation (s) [ factorization (s) [ solution (s) [ “ideal" (s) [ avg. iterations |

| Verlet [ 6000 | T [ - [ 4307 [ - [ - [ - [ 4307 | |
MIDPOINT (LU) 2000 3 1 384.535 363.773 8.026 0.982 11.754 11.475
MIDPOINT (LU) 3000 2 1 572.131 547.302 13.295 0.840 10.694 5.998
MIDPOINT (LU) 3000 2 10 68.443 52.535 1.431 0.814 13.663 5.996
MIDPOINT (LU) 3000 2 1000 12.087 0.503 0.014 0.818 10.751 6.076

Table 11: Infrequent evaluation timing results
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Figure 132: 2000 steps, 3 fs, 1 lazy steps

Figure 133: 3000 steps, 2 fs, 1 lazy steps
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Figure 134: 3000 steps, 2 fs, 10 lazy steps

Figure 135: 3000 steps, 2 fs, 1000 lazy steps
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Figure 136: 1000 steps, 6 fs, 1 lazy steps

Figure 137: 2000 steps, 3 fs, 1 lazy steps
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Figure 138: 2000 steps, 3 fs, 10 lazy steps

Figure 139: 2000 steps, 3 fs, 1000 lazy steps
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Integrator [ #steps [ step size [ lazy steps [ total time (s) [ evaluation (s) [ factorization (s) [ solution (s) [ "ideal" (s) [ avg. iterations
[ Verlet [ 6000 1 [ - [ 4.307 [ - [ - [ - [ 4.307 [ -
HHT (LU) 1000 6 1 187.566 180.199 3.410 0.375 3.581 8.075
HHT (LU) 2000 3 1 374.802 363.493 7.200 0.402 3.705 4.043
HHT (LU) 2000 3 10 42.574 34.592 0.712 0.489 6.781 5.852
HHT (LU) 2000 3 1000 14.628 0.332 0.137 1.196 12.962 15.081

Table 12: Infrequent evaluation timing results
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6 Discussion

The above results indicate that implicit integration is a vable alternative to explicit integra-
tion in some forms of Molecular Dynamics. In Section 5.6 thenplicit methods, even in a
relatively ine cient implementation, are shown to be more ecient for a particular numeri-

cal experiment (though this is not true in general, yet). Thee methods have been shown to
be accurate (Sections 5.3-5.4) and stable for long step si&ection 5.7). Section 5.5 sheds
new light on the nature of the problem by looking at the Fourietransforms of the velocity
and acceleration signals in addition to the well studied pdsn signal. Section 5.8 describes
a new way to con rm the hypothesis that a numerical integrato for Molecular Dynamics
could bene t from an improved predictor. Section 5.10 showat much of the cost typically
cited as reason for not using implicit methods can be reducead, if programmed in parallel,
essentially eliminated. Lastly, the observations in Seans 9.1 and 9.2 indicate that new,
very e cient numerical methods may be applicable to Molecwdr Dynamics problems.

7 Future work

Future work will focus on nding a better predictor for highly oscillatory systems and gen-
erally improving the e ciency of solving the system of nonlhear equations that naturally
result from using implicit methods. In addition, some sympctic implicit methods will be
implemented and tested, as the literature indicates that syplecticity is required in order to
conserve certain important quantities during long simulabns (total energy, volume in phase
space, etc...).
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9 Appendicies

9.1 Visualization of the Jacobian

As mentioned in Section 5.6, the Jacobian given in Equationid dominated by the diagonal
terms due to the constant and diagonal mass matri . In order to get a feel for this
dominance, we plotted the zero pattern of the Jacobian (Figa 140), the full Jacobian as a
surface (Figure 141) and the Jacobian minus the diagonal slents in order to get an idea of
the relative magnitude and positions of the o diagonal elements (Figure 142) for the alanin
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model. This particular Jacobian was generated with the Alan model in NAMD-Lite. As
is suggested by this plot, the matrix is symmetric.

Figure 140: Zero pattern of the Jacobian

Figure 143 is the same graphical representation of the Jagab as given in Figure 141,
but for a much larger protein, ubiquitin (see Section 3.4).
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Figure 141: Full Jacobian visualization, alanin
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Figure 142: O diagonal Jacobian visualization
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Figure 143: Full Jacobian visualization, ubiquitin
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9.2 Iterative matrix eigenvalues

Figures 144 and 145 shows the spectral structure of the it¢ise matrix M 1J for several
values of step size t in equation 4. For the alanin model (Figure (144), the eigeaes
are all positive and real and show strong clustering. For thabiquitin model (Figure 145,
the eigenvalues all exhibit strong clustering, but for 4 an® fs some of the eigenvalues are
negative.

Figure 144: Iterative matrix spectral structure for the alain model in NAMD-Lite

For the matrix corresponding to Figure 145, the number of it@tions to convergence
for an arbitrary right hand side vector was tested using sex& di erent iterative methods
available in MATLAB. The results are summarized in Table 13.

CGS is the conjugate gradients squared method and GMRES isttigeneralized minimum
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Figure 145: Iterative matrix spectral structure for the ubguitin model in NAMD-Lite

Table 13: Number of iterations to convergence for iterativenethods

Method Step size (fs) No. of iterations

CGS
CGS
CGS
CGS
GMRES
GMRES
GMRES
GMRES

1

2
4
8
1
2
4
8

= -
aoPPPgNWE
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residual method. These iterative methods are intended to Ise linear systems involving
positive de nite matricies e ciently regardless of their dimension.
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9.3
The

Adding integration methods to NAMD-Lite

following steps can be followed to implement a new integiion scheme in NAMD-Lite

(as of version 2.0.1).

1.
2.

In the \src/step” directory, cp <existing integrator>.c <new integrator>.c

Modify the <new integrator>.c le to re ect the new integrator name by changing the
name of the three functions contained within

In step.c, inside the switch statement, add the correspdmg entry for the new inte-
grator

In step.h, add to enum StepMethod and add the appropriate function prototypes

In GNUmake le of the \src/step” directory, add <new integrator> to the OBJ list
variable

6. Inthe\src/deven” directory, cp update_< existing integrator>.c update < new integrator> .c.
If this is the rst new integrator implemented, you will need to generate an up-
date <new integrator>.c le from update.c by copying update.c and modifying the
line that speci es the integration routine.
7. Modify the update < new integrator>.c to call the correct integration routine.
8. Inthe \mdx _pre2.0.1" directory, cp src/deven/update< new integrator> .c src/deven/update.c
9. In the \mdx _pre2.0.1" directory, run make and check for errors
10. To install the executable, run make install
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